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Abstract: Resource Description Framework (RDF) and Topic Maps (TMs) are the two prominent
technologies, envisioned for realizing Semantic Web. RDF and Topic Maps are independent technologies
developed by separate organizations, both providing mechanisms for enriching web contents with metadata
for representing semantic relationships among them. This, ultimately, makes the Web more useful and
‘understandable’ both for humans and machines and improves knowledge sharing and integration across
different domains. Both of these standards have established their respective user-communities. Because of
using different semantic representation mechanisms, this results in the problem of interoperability potentially
dividing the Semantic Web into two separate islands. This study aimed at investigating the two technologies
and to discover that how their interoperability problem can be solved by enabling them to work together.
To achieve this objective, a comprehensive literature review of the two technologies was performed and is
reported here to describe the architectures, serialization formats, tools & APIs, query languages, and realworld applications of both the technologies. For testing purposes, a Book Ontology was developed in both
RDF and TMs standards by employing their respective ontology development tools and serialization formats.
The ontology was imported in their respective applications and results were evaluated which justify that the
interoperability between RDF and TMs is possible, enabling them to work in a complementary fashion.
Keywords: Semantic web, Resource Description Framework (RDF), Topic Maps (TMs), serialization, Tools
and Application Programming Interfaces (APIs), ontology

1. INTRODUCTION
The World Wide Web (www) at present contains
billions of web pages interlinked using hypertext
[1]. Finding, accessing, using and adding any
content to the Web is very easy due to its simplest
design. However, this simplicity comes at the
cost of losing rich semantics which necessitates
human presence for web content interpretation.
In the current web with billions of web pages,
finding specific information precisely is almost
impossible and this problem aggravates more as
size of the Web increases. Semantic Web is deemed
as solution to the problem, tossed by the original
creator of the Web. Semantic Web emphasizes on
attaching metadata with web resources/contents for
making them machine-processable. Semantic Web

is an extension of the current Web, insisting the
creation of implicit and meaningful relationships
among the Web resource in a manner to be directly
understandable by the machines [2]. Semantic Web
will establish an environment where people and
machines will function in cooperation and will
make the availability of right information at the
right time and the right place possible.
Resource Description Framework (RDF) and
Topic Maps (TMs) are the two prominent standards
developed by W3C and ISO respectively for
realizing the vision of Semantic Web. RDF and TMs
serve as the backbone for the Semantic Web and
have gained high level of popularity [3]. Although
both RDF and TMs share the same goal, but differ
in their architectures due to being developed by
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different organizations. Architectural heterogeneity
emerges the problem of interoperability between
RDF and TMs, which could potentially divide
web of the future into two disjoint islands.
Researchers around the globe contributed to
solve the interoperability problem by devising
several serialization formats, tools and APIs,
query languages, and applications etc. but they are
focusing on narrow domains. The problem of broad
interoperability encompassing all aspects of these
technologies, however, remains uninvestigated.
This paper presents, a comprehensive literature
study of both RDF and TMs technologies and
articulates comparisons of their architectures,
serialization formats, tools and APIs, query
languages, applications, and models. A thorough
investigation of all aspects of both of the technologies
is performed for determining the directions in
which they are evolving and to find their specific
domains of applications. It also attempts to find
that how far RDF and TMs can be used together
beyond providing support for import/export of
serialization formats. An organized procedure has
been employed to analyze and categorize RDF and
TMs using their underlying protocols structures
and determine similarities and differences between
them. To practically test the concept, book ontology
is developed in both RDF and TMs standards using
their relevant ontology development tools and
serialization formats. The ontology is imported
and evaluated in applications. Comparing RDF and
TMs and covering all their aspects comprehensively
in single document is never done before. Therefore,
this paper will not only provide a jump start in the
field for new comers but will also help researchers
in finding new research dimensions as well as
finding solutions to the existing ones.
2. WORLD WIDE WEB (WWW)
WWW has dynamically changed living style of the
people by providing free and easy access to rich
sources of information in the form of text, images,
audios, animations, and videos. Simplicity and
easy to use nature of the WWW releases users from
the constraint of learning sophisticated computer
programs to use [4]. Users can create and contribute
almost any type of information to the WWW by just

clicking a few objects and the information will be
broadly available in no time. Despite of all these
improvements, the current web is still faced with
a number of limitations. The main reason behind
these limitations is the synthetic nature of the Web,
providing no mechanisms for defining semantic
contents and semantic relationship between the
Web contents [5]. The free nature of the Web
boosted the exponential growth of the Web,
overwhelming users with tons of information
making retrieval of precise information very much
difficult and time consuming. Thus, it necessitates
for improving the current syntactic web into a
more meaningful web, which will enable accessing
of information fast and specific with reasonable
capability machines.
3. SEMANTIC WEB
The increasing amount of information on the
WWW instigated the problem of Infoglut. The
information overload problem has made the
retrieving of web resources, extracting relevant data
from web resources, and aggregating information
from diverse sources for accomplishing a particular
goal significantly difficult, error prone and time
consuming. It is obvious that to find precise
information of one’s own interest needs excessive
efforts, therefore, Semantic Web is envisioned
as web of the future, which would be more
powerful, collaborative and capable of processing
web information equally by machines and human
beings [2]. The main purpose of Semantic Web is
to enhance the current web in such a way that the
problem of finding precise information at the right
time becomes possible. Semantic Web elevates
the information overload problem by improving
the synthetic web using advanced techniques
of
knowledge
representation,
ontologies,
computational linguistics, intelligent agents, and
machine based searching.
4. SEMANTIC WEB TECHNOLOGIES
To implement the vision of Semantic Web and
make it a useful medium for both humans and
machines, the need of technologies and standards
arises to effectively understand web contents and
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traditional tools. With the development of Semantic
Web technologies, such as RDF and TMs. it would
become possible to make the Web useful for humans
and understandable for machines by facilitating
knowledge integration and sharing.
4.1 Resource Description Framework (RDF)
The main purpose behind the development of RDF
was to provide infrastructure for the Semantic
Web. RDF provides constructs for enabling
web resources to be processed automatically by
machines, and interoperability between diverse
web applications, etc. by implementing metadata
relationship between web resources [7]. Metadata
implementation enables search engine optimization
for finding web resources quickly and easily
and replacing traditional software agents with
sophisticated intelligent software agents. RDF
standard has several features and characteristics
which are described in the following sub-sections.
4.1.1. Triples (Subject, Predicate, Object)
RDF model is composed of statements where each
statement represents metadata relationship in the
form of triples (Subject, Predicate, and Object). A
subject could be the URI of an entity whereas object
could be the URI of an entity or a literal. Predicate
represents the semantic relationship between a
subject and an object in a RDF statement. A RDF
model representing RDF graphically is called RDF
graph where triples are symbolized in the form of
ellipse and arrows [6]. In a RDF graph, ellipse is
used for representing subject and object and arrow
is used to represent predicate of a RDF statement.
Relationship in a triple between subject and object
is binary relationship, which always goes from
subject to object. In RDF graph, subjects and
objects can be shared and one subject can be the
object of another subject.
4.1.2. XML-based Serialization
A RDF model can be serialized into XML based
syntax, called RDM/XML, which exploits the
potential of XML and to upgrade its syntax to
a higher level for creating well-formed XML
documents. RDF/XML can easily merge and
interchange information from multiple sources and
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express web resources in a more meaningful way.
4.1.3. Uniform Resource Identifier (URI)
Everything on the Web, whether it is web address,
a literal, or a blank node, must have a unique URI
[8]. Although on the traditional web URI means
URL, which is primarily used to find and access
web document through web browsers, however, in
RDF this term is used to find a unique and specific
resource on the Web. In other words, one can say
that anything on the Web must have a URI.
4.1.4. Reification
Assertion about things can be easily done with
the help of RDF property called reification. It is a
process in which we refer one statement to another
one [9].
4.1.5. RDF Schema and Web Ontology
Language (OWL)
To describe semantic relationships between
resources, a schema language for RDF called RDF
schema (RDFs) is used which can be expressed in
a RDF model itself [10]. This framework further
extends the original RDF model with some special
semantic mechanisms to add classes of resources
and the properties specific to these resources. RDFs
use the concept of inference, through which new
information can be deduced using the existing
information. RDFs provides excessive constructs
for expressing classes, sub-classes, class properties,
instances, and constraints restrictions for properties
in the form of domains and ranges. However,
the power of RDF and RDFs failed when it is
applied to the solving of complex problems such
as semantic annotations between different types of
contents on the current web [11]. These problems
can be solved with the help of ontology, which
gives formal meaning to the web contents which
are further interpreted and transferred into the
semantic annotations. Ontology is used for effective
reasoning, better syntax specification, representation
of knowledge precisely, and the manipulation of
knowledge from shared vocabularies.
To solve the problems of complex annotations
among web resources, a more advanced and
expressive language called OWL (Web Ontology
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Language) was developed. OWL is W3C standard
and offers better semantic integration and
interoperability between web resources, as compared
to RDFs. OWL is used to create ontologies for the
Web and works closer to machines. It can also be
used for the validity and consistency of implicit
knowledge and making it explicit to the users [12].
The problems and weaknesses of RDFs can be
controlled by OWL, by adding more vocabularies
for describing classes and properties including
disjointness properties, equality properties,
symmetric and transitive properties, and restriction
on classes and properties.
4.2. Topic Maps (TMs)
Topic Maps is another technology for the Semantic
Web which can express and exchange knowledge
in a meaningful way [13]. With TMs, relevant
information on the Web can be manipulated quickly
and easily. Anything on the Web can be expressed
by the TMs in the form of topics, associations, and
occurrences [18]. The features and characteristics
of TMs standard is described in the following subsections.
4.2.1 Topic

[15]. In topic type, topics are grouped according
to their type. Similarly, associations in a single
class can also be grouped called association type
that may or may not be pointed out openly. Each
individual association (i.e., indicated explicitly)
is derived from a particular association type. For
example in statements “Charsada is in Pakistan”
and “Ghani Khan was born in Pakistan”, there are
two association types “born in” and “is in”.
4.2.3. Occurrences
In index, at the back of a book, page numbers
represent links or references to one or more pages
for a particular topic, providing useful information
for the reader. Similarly, when someone wants
to retrieve relevant information about a subject
on the Web, he/she can do it by means of the
topic characteristics called occurrences [16]. The
relationships between subjects and information
resources can be represented by occurrences, and
the information provided by the occurrences is
relevant to a given subject. In TMs occurrences,
each topic has some relevance to one or more
information resources regardless of their scattered
locations [17].

A resource within any domain is called a topic. Topic
represents some real-world subjects in concrete and
simple form [14]. Examples of such subjects could
be a book name (.e.g.,The Pathan etc.), and an
author (e.g., Ghani Khan, etc.). Topic can be created
by a method called reification. A subject becomes
effective when topic for it is reified, which means
that the subject now comes under the discussion of
Topic Maps paradigm. Therefore, subject in TMs
paradigm is anything such as book, city, region,
country, person, author, motive, branch of study,
and unit of an academic institution. Each subject
may have some existence, explicit characteristics,
and generally discussed by human beings. In
particular, subject is the main focus of discussion
and conversation of TMs authors. Subject becomes
valid for machine processing due to topic.

4.2.4. Scope

4.2.2. Association

4.3. Comparison of RDF and Topic Maps

In Topic Maps paradigm, a topic is linked to other
topics through relationships called Associations

Table 1 shows the comparison of RDF and TMs. In
the Table, comparison is based on standardization,

To qualify and convey statements about TMs, scope
can be attached to anything like name, association
and occurrence. To assign characteristics to the topic,
to check the degree of validity and the circumstances
under which topics are linked through associations
is stated by the scope. On the Web there are lots of
names with the same meaning which are used for
the same subject, therefore by using these scopes
one can differentiate between them. If there is no
scope, the default scope is single scope in which all
subjects are merged. In TMs paradigm, a constraint
is imposed by the scope called naming constraint
in which the namespaces are created for the base
names of topics [14]. Topic naming constraints say
that any topic having the same base name in the
same scope should be merged together.
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Table 1. Analysis and comparison of RDF and Topic Maps.
Technology

Standardi- Reprezation
sentation

URI

Serialization Tools & APIs Query
Language

Applications Constraints
Language

RDF

W3C

Resource,
Properties
Statement

Uses URI s
to find web
resources.

RDF/XML
turtle,
N3, TriX,
N-Triple.

Jena, Sesame,
Kowari,
Mulgara,
YARS2,
Bigdata,
Protege, RDF
Model ..

SPARQL,
RDQL,
RQL,
SeRQL,
XsRQ..

Redland, RDF RDF Schema Yes
Gateway,
and OWL
RDF Mapper
etc

Difficult

No built- in
mechanism

Topic
Maps

ISO

Topic,
Uses URIs
Associations and Scopes
Occurrences. to find web
resources.

XTM, CTM,
CXTM,
GTM, HyTM,
LTM.

Ontopia,
QuaaxTM,
TM4J,
MajorTom,
TMAPI,
Topinics,
Onotoa,
Ontopoly..

TMQL,
tolog,
TMRQL,
AsTMa,
Toma

Wandora

Easy

Built-in
mechanism

information representation, resources finding
techniques, serialization, tools and APIs, query
languages, applications, constraints languages
used by standards, assertion capability, reification,
scope, and their other fundamental features. It is
obvious from the literature study that reification is
automatically performed in TMs, whereas, in RDF
it requires explicit declaration each time. Moreover,
RDF has no built- in mechanism to attach scope to
resources, while TMs can easily attach scope to
resources. Therefore, research efforts are required
to either implement TMs reification mechanism
and scoping property in RDF or new reification
and scope techniques are required to be developed
which should be acceptable to the both worlds.
5. RDF AND TOPIC MAPS DEVELOPMENT
TECHNIQUES
Originally TMs were developed only for the
purposes of representation, merging and processing
of indexing on the back of a book [19]. Latter
on this technology, like its counterpart RDF,
was used in finding resources on the Web and in
establishing metadata relationship between web
resources. After being RDF and TMs standardized
by W3C and ISO, respectively, a comprehensive
work started on them in parallel to fulfill the idea
of Semantic Web. Different types of techniques
such as serialization formats, tools and APIs,
languages (i.e., query, constraints, schema), and
applications were developed for RDF and Topic
Maps, which are described briefly in the following
sub-sections.

TMCL

Assertion Reification Scope

Yes

5.1. RDF and Topic Maps Serialization Formats
The process of serialization converts data
semantically in one format into an other format for
storage and transmission purpose [3]. It is due to the
serialization that data in one computer environment
can be reused later in another computer environment,
without changing in the original data format [20].
To interchange data for storage and transferring
on the Web persistently in human readable format,
several technologies were developed. XML is the
one which is mostly used due to its simplest nature
and no need to go into the programming details.
Therefore, RDF and TMs also make use of different
types of XML and non-XML interchange syntaxes
for serialization of data.Knowledge representation
and navigation can also be done with simplicity and
flexibility with serialization due to its support for
different software, and implementation on multiple
platforms. RDF and TMs serialization formats
convert data semantically into a format which
is suitable for storage and transmission over the
WWW [21]. After the conversion the data can also
be easily reused in another computer environment,
without affecting the original data format. The
popular serialization formats for TMs are XTM,
LTM, CTM, CXTM and HyTime. Similarly, several
types of serialization formats based on XML and
non-XML are also available for RDF including
RDF/XML, TriX, N3, N-Triple and Turtle.
5.2. RDF and Topic Maps Tools and APIs
RDF and Top Maps Tools are developed to
implement RDF and TMs technologies effectively
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without any crash, to improve their performance
and to easily access the data from different software
tools and APIs. It is due to RDF and TMs tools and
APIs that applications are created for numerous
purposes including analysing performance of a
system, quick and intelligent information retrieval,
integration and linking of different RDF and TMs
components, reporting system errors, and effective
browsing and visualization.
Several types of commercial and open source
tools and APIs are developed for RDF and TMs to
achieve the vision of Semantic Web. The available
RDF and TMs tools and APIs can be divided
into three categories: Engines, Navigators, and
Editors [22]. Programmers can easily construct,
change, import, export, and access RDF and TMs
documents with the help of Engines along with
comprehensive APIs. User can also browse and
navigate RDF and TMs very easily in a human
readable form using navigation tools. Moreover,
RDF and TMs Editors provide an environment for
the users to create and modify models according
to their requirements. RDF and TMs APIs provide
interfaces for accessing and integration of web
available tools and applications [23]. Using APIs,
tools and applications can interact with each other
without any explicit need of human interference
or knowledge. APIs enables quick development of
applications by integrating the functionalities from
the existing ones.
5.3. RDF and Topic Maps Query Languages
Effective query languages having easy and user
friendly interfaces are needed to handle large and
complex systems [24]. RDF and TMs technologies
have their respective lists of query languages
having logic and inference capabilities along with
basic SQL constructs, can easily and effectively
retrieve required information from the underlying
complex architectures. TMs query languages such
as TMQL, tolog, TMRQL, AsTMA, and Toma
can retrieve topics, associations between topics,
and their occurrences effectively. On the other
hand, RDF community has investigated a list of
query languages including RDQL, RQL, SeRQL,
XsRQL and the latest standard SPARQL. These
query languages have the capability to effectively
manipulate RDF metadata information available on

different platforms.
5.4. RDF and Topic Maps Applications
Applications are needed to embed the semantic
structure in the current web. Applications are
also used to integrate data and improve search
mechanisms to more specialized and intelligent
levels. RDF and TMs applications can provide
adaptive and customized views by analysing users’
current tasks/activities, and accordingly gives
responses to the users in a particular context. Several
types of powerful applications are available in the
market for RDF and TMs authoring, accessing,
viewing, visualizing, and merging information
including Wandora for TMs, and Redland, RDF
Gateway, and RDF Mapper for RDF.
4.5. Comparison of RDF and Topic Maps
Development Techniques
A detail analysis and comparison of the main
features and techniques developed for RDF and
TMs technologies are presented in Table 2, 3. It is
obvious from the Tables that every technique has
its own capability to create, describe, manipulate,
facilitate, maintain, and implement RDF and TMs
documents. In the Tables, several serialization
formats developed for RDF and TMs are analysed
and categorized using the criterions of XML and
non-XML, their expressibility/computability,
interface for the users, compactness, tools and APIs
support, availability, and applicability. From the
Table 2, we came up with a conclusion, that the
most appropriate serialization format to represent
RDF graphs is Notation-3 (N3). Similarly from
Table 3, it is find out that the most appropriate
serialization format to represent TMs is XTM. The
main reasons due to which Notation-3 and XTM
have superiority over its companion are their logic
and inference mechanisms, readable syntax which
is also compact and persistent, advanced parsing
mechanisms, automatic translation facilities,
availability of open source visual and text based
editors, and expressiveness to represent any type of
RDF and TMs relationships and constraints.
The tools and APIs for RDF and TMs are
also analysed and evaluated using a set of criteria
(Table 2, 3). These criterions include availability
(i.e., open source or commercial), development
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Table 2. Detail analysis and evaluation of the techniques developed for RDF.
Resource Description Framework (RDF)
Serialization Formats
RDF/
XML

TriX

N3

XML Based
Vey High
Expressibility/
Computability
Simple and User
Friendly
Less Compact
Tools Support is
Available
Applicable for
Both Small &
Large Scale

XML Based
High
Expressibility/
Computability
Simple Syntax
Compact
Tools Support is
Available
Applicable to
Small Scale only

Non XML Based
Medium
Expressibility/
Computability
Easy Parsing
Highly Compact
Tools Support is
Available
Applicable for
Both Small &
Large Scale

Tools and APIs
Jena

Open Source , Very High Market
Value, Development Platform: Java
Platform Independent and Pluggable
Architecture
Database: MySQL, Oracle, SQL
Server, PostGreSQL
APIs: Core API, Query Language:
SPARQL

Sesame

Open Source , High Market Value,
Development Platform :Java, Python
and PHP
Platform Independent and Pluggable
Architecture
Database: MySQL, PostGreSQL
APIs: Sesame Sail API, Query
Language: SPARQL

Kowari

Open Source , Very High Market
Value, Development Platform: Java
Platform Independent and Pluggable
Architecture
Database: XA Triple Store
APIs: JRDF, Jena, SOAP, Query
Language: ??

Mulgara

Open Source , High Market Value,
Development Platform : Java
Platform Independent and Pluggable
Architecture
Database: ??. APIs: JRDF, Jena,
SOAP
Query Language: SPARQL, TQL

Virtuoso

Commercial & Open Source ,
High Market Value, Development
Platform: Java
Platform Independent and Pluggable
Architecture
Database: DB2, Oracle, MS SQL
Server
APIs: -----. Query Language:
SPARQL

3Store+

Open Source & Commercial,
Low Market Value, Development
Platform: C, Ruby, Java, Python, PHP
Platform Dependent and Non
Pluggable Architecture
Database: MySQL, Berkeley DB,
APIs: C API, Query Language:
RDQL, SPARQL

YARS2

Open Source , Zero Market Value,
Development Platform : Java
Platform Independent and Non
Pluggable Architecture
Database: Berkeley DB, APIs: -----,
Query Language: SPARQL

Bigdata

Open Source , Medium Market
Value, Development Platform: Java
Platform Dependent and Pluggable
Architecture
Database: BigData RDF Database
APIs: -----, Query Language:
SPARQL

Query Languages
SPARQL

RDQL

SeRQL

Organization/Project
under which developed:
W3C RDF Data
Access Working Group
(DAWG)
Implemented Language
having Very High Query
Results and Accuracy
Scalable & Extendable
No support for negative
statements and path
expression

Organization/ Project
under which developed:
Hewlett Packard
Implemented Language
having High Query
Results and Accuracy
Scalable & Extendable
Data-oriented and
Declarative
Performance issues,
Restriction of OR
operation

Organization/ Project
under which developed:
Sesame
Implemented Language
Low Query Results and
Accuracy
Scalable & Extendable
Can Easily Parse
Can Implement Boolean
Constraints
Perform Operations on
set theories & Nested
Queries

Applications
Redland

Open Source
Availability
Development
Platform is C
Language
Tools/ APIs are
Available
High Market Value
Killer Application:
No

RDF
Gateway

Commercial Based
Availability
Development
Platform : Java
Language
Tools/ APIs are
Available
Market Value
Unknown
Killer Application:
No

RDF
Mapper

Open Source
Availability
Development
Platform: Ruby
Language
Tools/ APIs are
Available
Market Value is
Low
Killer Application:
No

Table 2 Contd...
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Table 2 (Contd)
Resource Description Framework (RDF)
Serialization Formats
Turtle

N-Triple

Non XML Based
High Expressibility /
Computability
Very Simple Syntax
Highly Compact
Tools Support is
Available
Applicable for Large
Scale

Non XML Based
High Expressibility/
Computability
Simple & Easier to
Read and Write
Less Compact
Tools Support is
Available
Applicable to Large
Scale only

Tools and APIs
RDF
Gravity

Open Source , High Market Value,
Development Platform: Java
Platform Independent and Pluggable
Architecture
APIs: JUNG Graph API. User
Interface: GUI, Visualization Method:
Graph View

Protégé

Open Source , Very High Market Value,
Development Platform: Java
Platform Independent and Pluggable
Architecture
APIs: Core API & OWL API,
Architecture: Stand Alone

Altova

Commercial , Medium Market Value,
Development Platform: Java
Platform Dependent and Pluggable
Architecture
APIs: OWL API, Architecture: Stand
Alone

OntoViz

Open Source , Low Market Value,
Development Platform: Java
Platform Independent. User Interface:
Client , Visualization Method: Tree
View

IsaViz

Open Source , Low Market Value,
Development Platform: Java
Platform Independent and Pluggable
Architecture
APIs: ---, Architecture: Stand Alone

Hyena

Commercial , Low Market Value,
Development Platform: Java Eclipse
Platform Dependent and Pluggable
Architecture
APIs: OWL API, Architecture: Stand
Alone & Web Based Interface

Longwell

Open Source , High Market Value,
Development Platform: Java
Platform Dependent and Pluggable
Architecture
APIs: ---. User Interface: Web based
Client Server
Visualization Method: GUI

OntoStodio

Commercial , High Market Value
Platform Dependent and Pluggable
Architecture
APIs: OWL API, Architecture: Stand
Alone

RDF Model
Browser

Open Source , High Market Value
Development Platform is Java
Platform Independent and Pluggable
Architecture
APIs: ---. User Interface: Web based
Client Server
Visualization Method: Tree View

Query Languages
SquishQL

Organization under
which developed: RDF
Data Access Working
Group
Not Implemented Yet
Medium Query Results
and Accuracy
Not Scalable &
Extendable
Simple and Stylish
Interface
Cannot Support
Closure Operation

RQL

Organization/
Project under which
developed: ICSFORTH Research
Project
Implemented Language
Medium Query
Results and Accuracy
Scalable & Extendable
Support for both Data
and Schema

Applications
FOAF

Open Source
Availability
Development
Platform : Java
Language
Tools/ APIS
are Available
Market Value
is Low
Killer
Application:
Not

SKOS

Open Source
Availability
Development
Platform is
Java Language
Tools/ APIS
are Available
Market Value
is High
Killer
Application:
Not

Table 2 Contd...
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Table 2 (Contd)
Topic Maps (TMs)
Serialization Formats
XTM

CXTM

HyTime

CTM

XML Based
Vey High Expressibility
Simple Syntax
Low Compact
Tools Available
Applicable for Both
Small & Large Scale

XML Based
High Expressibility /
Computability
Complex Syntax
Less Compact
Tools Available
Applicable for Small
Scale Only

Non XML Based
Medium Expressibility
Simple Syntax
Not Compact
Tools Available
Applicable for any Type
of Hypermedia

Non XML Based
Very High Expressibility
Simple Syntax
Highly Compact
Tools Available
Applicable for Both
Small Scale

Tools and APIs
Ontopia

Open Source , Very High
Market Value, Development
Platform: Java
Platform Independent and
Pluggable Architecture
Database: DB2. APIs: Core
Java API
Query Language: Tolog

QuaaxTM

Open Source , Low Market
Value, Development Platform:
PHP
Platform Independent and
Pluggable Architecture
Database: MySQL, InnoDB.
APIs: PHPTM API,
Query Language: ...

TM4J

Open Source , High Market
Value, Development Platform:
Java
Platform Independent and
Pluggable Architecture
Database: RDBMS and
ORDBMS. APIs: TMAPI,
Query Language: Tolog

MaJorToM

Open Source , Medium Market
Value, Development Platform:
Java
Platform Independent and
Pluggable Architecture
Database: MySQL,
PostGreSQL. APIs: TMAPI
Version 2.0.
Query Language:------

GooseWorks

Open Source , High Market
Value, Development Platform:
Python and C
Platform Independent and
Pluggable Architecture
Database: RDBMS with slight
variation. APIs: Core API
Query Language: L1, and
STMQL

Nexist

Open Source , Very High
Market Value, Development
Platform:Java
Platform Independent and Non
Pluggable Architecture
Database: RDBMS. APIs: Core
API based on XTM
Query Language: Tolog

TM4L

Open Source , High Market
Value, Development Platform:
Java
Platform Independent and
Pluggable and Stand Alone
Architecture
APIs: TMAPI

Topincs

Open Source , Low Market
Value, Development Platform:
Apache, MySQL and PHP
Platform Independent,
Pluggable and Web Based
Architecture
APIs: PHP API

Query Languages
TMQL

Organization/
Project under which
developed: ISO/IEC
JTC1 SC34 WG3
Implemented
Language
High Query Results
and Accuracy
Scalable &
Extendable
Applicable to huge
quantity, continuously
varying information
and for semi structure
environment
Too Hard to
understand and
Implement

Tolog

Organization/
Project under which
developed: Ontopia
Implemented
Language
Medium Query
Results and Accuracy
Scalable &
Extendable
Contains Logic and
Inference Capability
Cannot Manipulate
Every Type of
resource from TM

TMRQL

Organization/
Project under
which developed:
Networked Planet
Non Implemented
Language
High Query Results
and Accuracy
Provides easy
accessibility
Difficult to
implement due to its
complex nature and
inconsistencies in
SQL support

Applications
Wandora

Open Source
Availability
Development
Platform is Java
Language
Flexible and
Pluggable
Architecture
Browse and
Visualize both TM
Data & Graph
Better Locking
Mechanism
Import and Export
TM data in several
Interchange
formats such as
XTM and LTM
Tools/ APIS are
Available
Market Value is
High
Killer Application:
Not
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platforms, pluggable/ non pluggable, databases and
query languages, APIs support, basic architecture,
user interface, visualization methods, and market
value. From the analysis and evaluation it is
obvious that most of the tools and APIs for RDF
and TMs are open sources, platform independent
because of their development in cross-platform
languages such as Java, and PHP. The available
tools are mostly pluggable due to which users can
extend their functionalities. However, it is obvious
from the experimental results that the problem
of losing semantics and accuracy of information
occurs during translating/interchanging RDF and
TMs documents which need to be solved. It is also
deduced from the detail study and comparison that
RDF has a leap over TMs in the race of tools and
APIs. The main reasons of RDF success in getting
attention of most of the Semantic Web researchers
and developers includes its big list of tools which are
still evolving, providing enormous features for the
users for solving their complex problems, and high
market value. Therefore one can strongly say that
RDF and TMs tools and APIs are complementary
but require discovering of methods for realizing the

potential synergies between the two.
RDF and TMs query languages are also analysed
(Table 2, 3) based on the parameters of development
organization/ projects, implementation, results
accuracy, scalability, and extendibility. It is obvious
from the tables that almost every type of query
constructs is similar to SQL along with logic and
inference capabilities. In these query languages
SPARQL, which was originally developed for
RDF was further enhanced and tested for the
manipulation of TMs data in terms of RDF schema.
This was a successful test due to its sophisticated
architecture called TM-viewer architecture and
triple mapping technique called TMSPARQL.
TMSPARQL takes SPARQL query and translates it
into a set of matches against a TMs data store.
The available applications for RDF and TMs
are also analysed (Table 3, 4). Most of these
applications are open source, have high market
value, developed in Java, several types of tools/
APIs are available for each application but there
is no killer application developed yet for each of
the technologies. Therefore, to bring RDF and TMs

Table 3. Detailed analysis and evaluation of the techniques developed for Topic Maps.
Topic Maps (TMs)
Serialization Formats
GTM

LTM

Non XML Based
High Expressibility
Simple Syntax
Highly Compact
Tools Not Available
Applicable for Both
Small Scale

Non XML Based
Low Expressibility
Simple Syntax
Highly Compact
Tools Available
Small Scale

Tools and APIs
Onotoa

Open Source , High Market Value,
Development Platform: Java
Platform Independent, Pluggable and
Stand Alone Architecture
APIs: -------

Ontopoly

Open Source , High Market Value,
Development Platform: Java
Platform Independent and Pluggable
and Web Based Architecture
APIs: ------

TMAPI

Open Source , High Market Value,
Development Platform: Java
Platform Independent and Pluggable
(Extendible) and Web Based
Architecture
APIs: TMAPI

TopiMaker

Open Source , Very High Market
Value, Development Platform: Java
Platform Independent and Pluggable
Architecture
User Interface: GUI.
APIs: ---------

Touchgraph

Open Source , High Market Value,
Development Platform: Java
Platform Independent and Pluggable
Architecture.
User Interface: GUI
APIs: -----

Query Languages
AsTMa

Organization/
Project
under which developed:
Topic Maps Lab
Implemented Language
Low Query Results and
Accuracy
Scalable & Extendable
Easy and simple to
operate
Lazy evaluation is not
define yet

Toma

Organization/
Project
under which developed:
Ontopia
(Space
Applications)
Non
Implemented
Language
High Query Results and
Accuracy
Scalable & Extendable
Provides more powerful
syntax features
Currently, Toma queries
can only be run using a
command-line client

Applications

Resource Description Framework and Topic Maps

into the main stream market there is an intense need
of killer applications which should be powerful,
smart to work according to contexts, have clear and
different types of visual effects (i.e., tree, and graph
etc.), flexible, cheap, and environment friendly.
6. RDF AND TOPIC MAPS
INTEROPERABILITY
RDF and TMs were mainly developed to add
metadata and define metadata relationship
between web contents so that they should be more
machine processable while reduce human time
and efforts. However, the two technologies are
the standards of two different and independent
organizations, developed in independent ways, and
in opposite directions. Therefore, a need arouse
for the web researchers to develop strategies
for the interoperability and inter-conversion of
RDF and TMs. The interoperability between the
two technologies should be so flexible that each
standard should use the serialization formats,
query languages, application programs, and tools
of another standard without the problems of the
underlying structures. When technologies designed
for the same purposes are not interoperable, and each
uses its own proprietary mechanism, it becomes
difficult and time-consuming for the programmers
to get maximum benefit out of them.
The parallel and rapid development in RDF and
TMs technologies, the development of complex
and sophisticated tools for them, and the lack of
their interoperability compelled web researchers
to solve great need of interoperability. Therefore,
an alarming situation arouse that the consequences
will be two different islands on the Web of future,
which will be complex, not flexible, and out of
reach of the common users. In short, we can say
that the main reason for the need of interoperability
of both of the standards is to elevate dependence
of the future web on two different and independent
technologies and ensure its availability and easy
access to the common users.
6.1. Interoperability Problems
To fulfill the gap of interoperability between RDF
and TMs technologies, different techniques were
introduced by the researchers named, Garshol,
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Lacer, Moore and Ciancarini. The techniques
developed by the Web researchers worked upto
a minimum extent while the major problems
remain till now. These problems are due to the
different underlying structures, storage, accessing
mechanisms, and tools of both of the technologies.
The problems taking place at the time of interconversion between RDF and TMs are also due to
the interoperability issues. Some of the issues are:
• URIs, Addressable and Non-Addressable
Subjects: RDF URIs are used for finding anything
on the Web whether it is web resource, literal, or
blank nodes. TMs URIs find topics, associations
between topics, and their occurrences uniquely
and universally [24]. From URIs point of view,
RDF still has ambiguities because there is no
understandable and reliable justification of how
URIs can be associated with the Web.
• Association Roles in TMs and Binary
Relationships in RDF: A major interoperability
problem between TMs and RDF is related to
the representation of relationships. TMs use
n-array associations to represent a statement
while RDF uses binary relationships. In RDF,
a single statement is used in the form of SPO
(i.e., Subject, Predicate, and Object), in which
Predicates establishes a relationships between
Subjects and Objects. TMs, on the other hand,
consist of non-binary relationship in which topics
and their occurrences are related by associations
and each topic plays multiple roles using an
association, also called association role. When the
concept of multiple association roles is applied
to RDF, itcould create large and ambiguous RDF
assertions which are not satisfactory from the
programmers point of view.
• Scopes in Topic Maps and Reification in RDF:The
main reason of applying scope to the TMs data is
due to the large number of resources with the same
names and meanings. With the help of scopes,
these resources can easily be distinguished
from each others. On the other hand, there is
no successful mechanism defined for describing
contextual information using scopes in RDF.
An assertion, which describes something about
another statement, can be easily done with the
help of RDF property called reification. In TMs
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reification is complex and can be implemented in
several steps.
• Serialization: One of the leading factor effecting
RDF and TMs interoperability are the different
machine processable syntaxes used by the
underlying technologies for mapping concepts
and their associations. If these technologies are
to be used completely interchangeably then we
should go beyond schema level interoperability
by identifying equivalent and distinct constructs
and devising mechanisms for conversion from
one to another.
• Tools & APIs: RDF and TMs tools and APIs
have different scalability standards where one is
effective in one situation while another in another
situation. Several tools developed for RDF and
TMs storage, editing, and browsing/visualization
can work effectively to store, create, edit,
browse, and visualize Semantic Web metadata.
However, there is no such tool yet developed
to store, write, edit, browse, and visualize both
RDF and Topic Maps resources. To provide ease
and advancements, universal tools capable of
browsing and visualizing both RDF and Topic
Maps data are needed to be investigated.
• Query Languages: Topic Maps query languages
have gained less popularity as compared to RDF
query languages. Therefore, a common set of
protocols or standards needed to be investigated
for applying RDF query languages equally to
TMs with the same ease, reliability, and higher
performance.
• Applications: The Lack of killer application is the
prominent factor affecting the wide spread use of
RDF and TMs. In spite of availability of a number
of applications and tools working efficiently with
RDF and TMs data with much better features
and characteristics, killer applications are still
missing. It is due to the lack of adaption of
these technologies by the main stream market,
poor definition and exploration, failure to model
knowledge in a standardized graphical notation,
absence of use cases, repository and projects,
no agreement on scope usage and merging, and
less number of application developers due to
missing of RDF and TMs courses in university
curriculum.

6.2. Success in Interoperability
RDF and TMs models both heavily depend on
metadata and ontologies. Therefore, for the
successful interoperability between these two
models, efficient and standardized methods are
necessary to establish relationship between metadata
and ontologies of both of the standards. To fulfil
this need, some of the successful ontologies and
metadata standards such as Dublin Core, FOAF,
SKOS, and DCMI have already been implemented
by different communities for the integration of both
of the standards. However, despite of all efforts,
a little success has been achieved for solving the
interoperability problem of RDF and TMs.
• Scheme Level Mappings: RDF uses RDF-Schema
and Web Ontology Language (OWL) languages,
while TMs uses constraints languages (e.g.,
TMCL) for creating schema. A useful two way
mapping between RDF and TMs is possible at the
schema level [25]. Besides this, direct conversion
is also possible from TMs constraint language
into RDF constraint language, although the scope
of this conversion is limited.
• Both the technologies use URIs as identifiers
where RDF uses direct (using subject locator)
mode for identification and TMs uses both direct
and indirect (using subject identifiers) modes for
identification. This need has been recognized by
the Semantic Web community and the researchers,
Garshol, Moore and Ogievetsky have contributed
their efforts for solving the problem up to some
extent. The best solution to fulfil the need of
interoperability is to consider and use URIs as
both subject identifiers and subject locators and
both of these should be allowed to act as URIs.
For the successful implementation of this need,
Garshol’s work is significant. Garshol explicitly
treated multiple identifiers and postulated that the
resultsproduced more interoperability between
TMs and RDF.
• W3C Working Draft for Interconversion:
W3C established a group for the purpose of
the interconversion of RDF and TMs data
called RDF/TMs Interoperability Task Force
(RDFTM). The main goal of the group is to
develop approaches for making possible the
interoperability between RDF and TMs at the data
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level. With the successful implementation of this
approach, the interconversion of RDF and TMs
data will be possible, regardless of the possibility
of losing unacceptable information or variation
in the semantics. It will also be possible that
after the successful implementation, sharing of
vocabularies between these two technologies and
the translated results can be queried in terms of
the target model. The five major interconversion
proposals included in W3C surveys includes
Moore proposal, Stanford proposal, Ogievetsky
proposal, Garshol proposal, and Unibo proposal.
A general criterion was set for the evaluation
of all interconversion proposals, which was
completeness and naturalness. All these
approaches solve the problems of interoperability
problems upto little extent but the major problems
remains till now.
6. CONCLUSION AND FUTURE WORK
Semantic Web technologies RDF and TMs aim
to make web information machine processable
by enriching them with semantics and reasoning
capabilities. Although sharing the same vision,
RDF and TMs were developed independently by
two different organizations, resulted into complex
and non-interoperable interchange syntaxes, query
languages, schema languages, constraints languages,
and tools and applications. The independent
technologies resulted into the possibility of creating
non-interoperable islands on the Web of future. To
solve this problem and make both of the technologies
work in interoperable manner, several techniques
were developed by different people over the past
several years. The successes of these techniques are
practically possible but very limited mainly due to
the different underlying storage structures, access
mechanisms, different interchange syntaxes, and
different constraint and schema languages.
This paper presents a comprehensive literature
study of both RDF and TMs technologies and
articulates comparisons of their architectures,
serialization formats, tools and APIs, query
languages, applications, and models. A thorough
investigation of all aspects of both of the technologies
is performed for determining how far RDF and TMs
can be used together beyond providing support for
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import/export of serialization formats. It is observed
that the interoperability between RDF and TMs is
possible,subjected to solving certain issues, and
they could work together in complementary fashion.
However, it lost of certain semantics and accuracy
might occur during the inter-conversion process.
Comparatively, RDF is found more suitable for
high grained annotation of web resources, whereas,
TMs is useful for providing a high level ontological
interface to a resource space. We found that that the
two technologies are the two equivalent medicines
for the same disease. They are aiming to address the
same Infoglut problem in their own but in parallel
ways. Therefore, sophisticated methods should
be developed to make them complementary not
contradictory.
To practically test the concept, book ontology
is developed in both RDF and Topic Maps
standards by employing their respective ontology
development tools and serialization formats. The
ontology will be presented in the future work.
The ontology is imported in applications and
results are evaluated. Results justified that that the
interoperability between RDF and TMs is possible
enabling them to work in complementary fashion.
7.
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Abstract: This paper presents an efficient technique of human emotion recognition using the audio and
visual modalities for the speaker-dependent scenario. To achieve better emotion classification different
audio and visual features were extracted. The feature selection was performed using the Plus -Take Away
algorithm based on two criteria: Mahalanobis distance and KL-divergence. The feature selection was
followed by feature reduction using PCA and LDA, and classification using the Gaussian classifier.
Emotion classification was performed using both the unimodal and bimodal approaches. In the bimodal
approach, audio and visual features were fused at two levels: feature and decision. The emotion
classification performance comparable to humans was achieved on the SAVEE database for the unimodal
and bimodal scenarios.
Keywords: Human emotion recognition, audio and visual feature selection, Plus -Take Away
feature reduction, PCA, LDA, classification, fusion of modalities

1. INTRODUCTION
In recent years, humans have developed advanced
technologies which have made the humancomputer interaction more attractive for humans.
Primarily, human beings use speech to
communicate with each other, but the complete
message cannot be conveyed only through verbal
content. Some additional information are required
to completely understand the message, these
includes vocalized emotions, facial expressions,
hand gestures and body language [1, 2]. From
human’s point of view, the human-machine
interaction will be more interesting if machines
can recognize human emotions and are able to
respond accordingly [3]. On the other hand,
communication will be more reliable if machines
are able to understand human emotions [4].
Automatic emotion recognition covers a wide
range of applications including automobile

algorithm,

systems, customer services systems, health care,
and game and film industries [5]. In recent years,
researchers from different disciplines have taken
interest in the field of human emotion recognition
and significant progress has been made in several
areas including recording of emotional databases,
feature extraction, feature selection, and
classification [5, 6].
Previous studies have mainly focused on
unimodal approaches (e.g., speech, facial
expressions) for emotion classification. The
modalities have been analyzed independently and
the interrelation between different modalities has
not been explored. In actual fact, speech and facial
expressions are highly correlated, and emotions
and linguistic content influence the relationship
between these two modalities [7]. Humans utilize
both speech and gesture to express their emotions,
and for this reason an ideal emotion recognizer
should be based on both verbal and non-verbal
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information [1, 8].
One of the factors upon which the reliability
of an emotion recognizer depends is the quality of
emotional data used to build the emotion
recognition system. Examples of audio databases
are the AIBO corpus and Berlin database [9, 10].
Visual databases include the Cohn-Kanade and
MMI databases [11, 12]. The audio-visual
databases are Facial Motion Capture database,
GEMEP, and Belfast Naturalistic database [7, 13,
14]. The emotional databases are either acted or
natural.
Audio and visual features of various types
have been analyzed to achieve better emotion
classification results. Important audio features are
pitch, formants, duration, spectral energy, and Mel
frequency cepstral coefficients (MFCCs). These
features have been used both at utterance-level
[15] and frame-level [16]. The vision-based
techniques are mainly based on facial expressions,
since face plays a vital role in conveying
emotions. Facial features can be subdivided into
two broad categories: geometric and appearance
[17]. The technique [17] is based on geometric
features, while [18] uses appearance features.
In the field of pattern recognition, feature
selection and reduction techniques are used to
remove the uninformative, redundant and noisy
information. These techniques improve the
classification accuracy and computational
efficiency. The feature search techniques used in
the field of emotion recognition include sequential
floating forward selection [19], genetic algorithms
[20] and best-first [21]. Feature reduction
techniques include PCA and LDA [22, 23].
In any pattern recognition problem, the choice
of classifier is very important. These classifiers
include hidden Markov model [16], neural
network [24], support vector machine [25], and
adaptive boosting [26]. Multimodal approaches
have been adopted to improve the emotion
classification by fusion of data at feature [2],
decision [27], and model [28] levels.
In the field of emotion recognition, most
research is based on unimodal approaches (e.g.,
audio or visual), and less progress has been made
in terms of multimodal approaches. This research
aims to achieve better classification accuracy
using the bimodal approach with appropriate
feature selection and reduction techniques. The

following sections present the SAVEE database,
method, experimental results, discussion and
conclusion.
2. SAVEE DATABASE
We used Surrey Audio-Visual Expressed Emotion
(SAVEE) database [29] for our analysis. The
database consists of data from four British male
speakers in Ekman’s six basic emotions (anger,
fear, disgust, sadness, happiness and surprise) plus
neutral [30]. The text material consisted of 15
phonetically-diverse sentences for each of the six
emotions and 30 sentences for the neutral. The
distribution of sentences in this way resulted in
120 utterances per actor and 480 utterances in
total. A subject with four different emotions
(anger, fear, happiness, and surprise) from the
SAVEE database is shown in Fig. 1.
The sampling rate for audio data was 44.1
kHz, while that for video was 60 fps. To extract
facial features, each actor’s frontal face was
painted with 60 markers. The SAVEE database
was evaluated at utterance level by 20 subjects (10
male, 10 female). Each actor’s data were evaluated
by 10 subjects. The classification accuracy for
seven emotion classes averaged over four actor’s
data and 10 evaluators was 66.5 % (Standard Error
(SE): 2.5) for audio, 88.0 % (SE: 0.6) for visual,
and 91.8 % (SE: 0.1) for audio-visual data.
3. METHOD
The speaker-dependent emotion classification was
performed using a three steps method: feature
extraction, feature selection and reduction, and
classification, as shown in Fig. 2.
3.1 Feature Extraction
For emotion classification in the speakerdependent scenario, features were extracted at
utterance-level consisting of 106 audio and 240
visual features. The details of the audio and visual
features are given below.
3.1.1 Audio Features
The audio features were related to pitch (f0),
duration, energy and spectral envelop. These
features were extracted using the Speech Filing
System [31] and HTK [32].
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Pitch Features: The fundamental frequency (f0)
was extracted using the Speech Filing System.
Features related to f0 contour were minimum and
maximum of mel frequency; mean and standard
deviation of first and second Gaussian of mel
frequency; minimum, maximum, mean and
standard deviation of mel frequency first order
difference.
Duration Features: Phone labels were used to
extract duration features. The phone labeling was
performed in two steps: first HTK was used for
automatic labeling of the audio, and second the
Speech Filing System was used to correct the
automatic phone labels. The extracted features
were voiced speech duration, unvoiced speech
duration, sentence duration, average voiced phone
duration, average unvoiced phone duration,
voiced-to-unvoiced speech duration ratio, average
voiced-to-unvoiced phone duration ratio, speech
rate, voiced-speech-to-sentence duration ratio, and
unvoiced-speech-to-sentence duration ratio.
Energy Features: The extracted features were
mean and standard deviation of total log energy;
minimum, maximum, range, mean and standard
deviation of normalised energies in the original
speech signal and speech signal in the frequency
bands 0-0.5 kHz, 0.5-1 kHz, 1-2 kHz, 2-4 kHz and
4-8 kHz; minimum, maximum, range, mean and
standard deviation of first order difference of
normalised energies in the original speech signal
and speech signal in the same frequency bands.
Spectral features: The spectral envelope features
were mean and standard deviation of 12 MFCCs.
The range (
), mean ( ) and standard
deviations ( ) of different audio features were
calculated using the following relations
(1)
∑

√

(2)
∑

(

)

(3)

where
and
denote the maximum
value, minimum value, and number of samples of
a feature , respectively.
3.1.2 Visual Features
The visual features were extracted by painting
markers on actors’ forehead, eyebrows, cheeks,
lips and jaw. The markers were automatically

tracked and normalized relative to a reference
point at the bridge of the nose [7]. Finally, 240
visual features were obtained from the 2D marker
coordinates as the mean and standard deviation of
the marker coordinates.
The mean ( ) and standard deviations ( ) of
marker coordinates were computed by
(4)

∑
√

∑

(

)

(5)

The mean ( ) and standard deviations ( ) of
marker coordinates were calculated using the
relations
(6)

∑
√

∑

(

)

where denotes the number of marker
coordinates.

(7)
and

3.2 Feature Selection and Reduction
For the speaker-dependent emotion classification,
we adopted a two-step process: feature selection
with Plus -Take Away algorithm, followed by
feature reduction with PCA and LDA.
3.2.1 Feature Selection
The Plus -Take Away algorithm is a feature
search method based on some criterion function
[33]. It combines the sequential forward selection
(SFS) and sequential backward selection (SBS)
algorithms to achieve better results. At each step,
numbers of features are included to the current
feature set and
numbers of features are
discarded. The process continues until the required
feature set size is achieved. The feature search was
performed with
and
, i.e., one feature
was added at each step. We used this algorithm for
feature selection based on two different criteria:
Mahalanobis distance and KL-divergence [34].
These distance measures have been used as
dissimilarity measures in different applications
including speaker recognition [34], emotion
recognition [35] and texture retrieval [36]. Feature
selection was performed over the full range of
audio, visual and audio-visual feature sets.
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Mahalanobis Distance: It defines the similarity
between two classes [37]. For two normally
and
, Mahalanobis
distributed classes
distance is defined as
√(

) (

) (

)

(8)

where and
are the means, and are the
covariances, and
and
are the prior
and , respectively.
probabilities of classes
Kullback-Leibler (KL) divergence measure: It
provides the dissimilarity between two classes
based upon information theory [38]. For two
normally distributed classes
and , the KLdivergence is defined as

Gaussian distribution for each class
decision rule is described as
(

( |

| )

) (

)

. The Bayes

(10)

where ( | ) denotes the posterior probability,
and ( ) defines the prior class probability. A
single component Gaussian was used to model
using a diagonal covariance
each emotion class
matrix.
The audio-visual emotion classification was
performed by the fusion of modalities at featurelevel and at decision-level.
4. EXPERIMENTAL RESULTS

[(

[(

)(

)(

)]

)(

) ]

(9)

where denotes the matrix trace operation. The
KL-divergence relation consists of two terms. The
first term defines the difference between two
classes based on class means, while the second
term provides the difference using the covariance
matrices.
Features were normalized prior to applying the
feature selection by using the Z-norm (i.e., mean
subtraction and division by standard deviation).
The Mahalanobis distance and KL-divergence
measure provide the separability between two
classes. For number of classes the separability
measure is obtained by averaging it over all binary
combinations of the classes.
3.2.2 Feature Reduction
Statistical methods can be used to reduce the
dimensionality of a feature set. PCA technique
[39] is used to extract the important characteristics
of high-dimensional data and to remove the
uninformative and noisy data. The LDA method
[40] provides the separation between classes based
on the ratio of between-class variance to withinclass variance. For feature reduction, we applied
both PCA and LDA as linear transformation
techniques to the selected features.
3.3 Classification and Fusion of Modalities
The Gaussian classifier utilizes the Bayes decision
theory for classification. It is assumed that the
( | ) have
class-conditional probability

Experiments were performed both in the unimodal
and bimodal scenarios. In unimodal scenario,
experiments were conducted using the audio or
visual features. In the case of bimodal scenario, we
investigated the audio-visual fusion both at
feature-level and at decision-level. Each speaker
data were divided into four sets, and experiments
were conducted with four different training and
testing sets. The results were averaged over four
tests. For each experiment, three sets were used for
training and one set for testing. Finally, the results
were averaged over four speakers’ data.
4.1 Audio Emotion Classification
The average classification accuracies achieved for
seven emotions using the features selected by
Mahalanobis distance and KL-divergence are
plotted in Fig. 3a. In general, the features selected
by Mahalanobis distance performed better than
those by KL-divergence. The LDA-transformed
features performed better for up to 50 selected
features, after which its performance deteriorated.
For the LDA-transformed features, the best
classification accuracy with Mahalanobis distance
was 61 % (SE: 7.5) using 25 selected features, and
with KL-divergence it was 55 % (SE: 6.0) using
40 selected features. In the case of PCAtransformed
features,
the
classification
performance improved with an increasing number
of selected features. The best classification
performance for the Mahalanobis distance was 54
% (SE: 8.0) using 95 selected features, and for the
KL-divergence it was 56 % (SE: 7.6) using 70
selected features. In general, the LDA technique
performed better for fewer selected features (up to
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(a)

(b)

(c)

(d)

19

Fig. 1. Different expressed emotions of a subject from SAVEE database: (a) anger, (b) fear, (c) happiness, and (d) surprise.

Fig. 2. Block diagram of emotion classification method for the speaker-dependent scenario.
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(a)

(b)

(c)

(d)

Fig. 3. Average classification accuracy (%) achieved for seven emotions on SAVEE database for the speakerdependent scenario. The audio, visual, and audio-visual features were selected with the Mahalanobis (Mah) distance
and KL-divergence (Div). Here FL: feature-level, DL: decision-level.
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50), while the PCA method achieved better results
for larger sets of selected features. For the
Mahalanobis distance criterion, the performance of
LDA-transformed features was better than PCAtransformed features. In the case of KLdivergence, the classification performance of
PCA-transformed and LDA-transformed features
was comparable.
In the case of Mahalanobis distance, the best
25 selected features included 4 pitch, 16 energy
and 5 MFCC features, and the top 95 selected
features consisted of 8 pitch, 58 energy, 10
duration and 19 MFCC features. For KLdivergence, the top 40 selected features included 5
pitch, 33 energy, 1 duration and 1 MFCC features,
and the best 70 selected features consisted of 8
pitch, 45 energy, 5 duration and 12 MFCC
features. In general, the energy features were
found to be most important, followed by MFCC,
pitch and duration.
4.2 Visual Emotion Classification
Recognition rates for seven emotions using the
visual features selected by Mahalanobis distance
and KL-divergence are plotted in Fig. 3b. The
LDA-transformed features performed better for up
to 60 selected features, and from that point
onwards the performance dropped sharply. The
classification accuracy recovered beyond 100
selected features but was lower than the best
performance. For the LDA-transformed features,
the performance of features selected by
Mahalanobis distance and KL-divergence was
quite close. The best classification performance
for the Mahalanobis distance was 99% (SE: 1.2)
using 35 selected features, and for the KLdivergence it was 98 % (SE: 2.0) using 30 selected
features. For the PCA-transformed features, the
best recognition rate for Mahalanobis distance was
96 % (SE: 2.2) using 110 selected features, and for
KL-divergence it was 95 % (SE: 2.4) using 45
selected features. The overall performance of
LDA-transformed features was higher for fewer
selected features (up to 60), while the PCAtransformed features performed better for larger
sets of selected features. The performance of
LDA-transformed features was better than the
PCA-transformed
features
for
both the
Mahalanobis distance and KL-divergence criteria.
In the case of Mahalanobis distance, the
top 35 selected features included 11 mean of
marker x coordinates, 8 mean of marker y
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coordinates, 12 standard deviation of marker x
coordinates and 4 standard deviation of marker y
coordinates. The best 110 selected features
consisted of 26 mean of marker x coordinates, 28
mean of marker y coordinates, 33 standard
deviation of marker x coordinates and 23 standard
deviation of marker y coordinates. For KLdivergence, the best 30 selected features included
6 mean of marker x coordinates, 11 mean of
marker y coordinates, 9 standard deviation of
marker x coordinates and 4 standard deviation of
marker y coordinates. The top 45 selected features
consisted of 9 mean of marker x coordinates, 12
mean of marker y coordinates, 14 standard
deviation of marker x coordinates and 10 standard
deviation of marker y coordinates. In general,
standard deviation of marker x coordinates were
the best features, followed by mean of marker y
coordinates, mean of marker x coordinates, and
standard deviation of marker y coordinates. The
forehead and eyebrow areas were more
discriminative as compared to the cheek area and
lower part of the face.
4.3 Audio-Visual Emotion Classification
The audio-visual emotion classification was
performed by fusion of two modalities at featurelevel and decision-level. The results were obtained
for seven emotions using the features selected by
Mahalanobis distance and KL-divergence. The
decision-level fusion was performed using the
equal numbers of selected audio and visual
features.
For
decision-level
fusion, the
probabilities obtained for the audio and visual
modalities were multiplied with equal weighting to
obtain the audio-visual classification result.
4.3.1 Feature-Level Fusion
The average classification accuracies for the
audio-visual fusion at feature-level are plotted in
Fig. 3c. For the feature-level fusion, the best result
achieved with the LDA-transformed features for
Mahalanobis distance was 97 % (SE: 2.2) using 55
selected features, and for KL-divergence it was
96% (SE: 2.5) using 40 selected features. In the
case of PCA-transformed features, the best
classification score for Mahalanobis distance was
84% (SE: 4.3) with 100 selected features, and for
KL-divergence it was 83 % (SE: 4.7) with 110
selected features.
For the Mahalanobis distance, the best 55
selected features included 19 audio and 36 visual
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features. The audio features consisted of 2 pitch,
13 energy and 4 MFCC, and visual features
included 11 mean of marker x coordinates, 7 mean
of marker y coordinates, 9 standard deviation of
marker x coordinates and 9 standard deviation of
marker y coordinates. The top 100 features
selected by Mahalanobis distance consisted of 6
audio and 94 visual features, where audio features
included 1 pitch, 4 energy and 1 MFCC, and
visual features consisted of 24 mean of marker x
coordinates, 19 mean of marker y coordinates, 33
standard deviation of marker x coordinates and 18
standard deviation of marker y coordinates. For
the KL-divergence criterion, the top 40 selected
features included 9 audio and 31 visual features,
where audio features consisted of 4 pitch, 2
energy, 1 duration and 2 MFCC, and visual
features included 10 mean of marker x
coordinates, 4 mean of marker y coordinates, 8
standard deviation of marker x coordinates and 9
standard deviation of marker y coordinates. The
best 110 features selected by KL-divergence
consisted of 3 audio and 107 visual features,
where audio features included 2 energy and 1
MFCC, and the visual features consisted of 33
mean of marker x coordinates, 19 mean of marker
y coordinates, 31 standard deviation of marker x
coordinates and 24 standard deviation of marker y
coordinates. The proportion of audio and visual
features selected with feature-level fusion
indicates that the visual features were more
discriminative as compared to the audio.
4.3.2 Decision-Level Fusion
The average classification accuracies for audiovisual fusion at decision-level are plotted in Fig.
3d. For the decision-level fusion, the best accuracy
achieved with the LDA-transformed features for
Mahalanobis distance was 99 % (SE: 1.0) with 35
selected features, and for KL-divergence it was
98% (SE: 1.3) with 25 selected features. For the
PCA-transformed features, the best classification
performance achieved for Mahalanobis distance
was 96 % (SE: 2.5) using 65 selected features, and
for KL-divergence it was 95% (SE: 1.6) using 55
selected features.
For the Mahalanobis distance criterion, the
best 35 audio features consisted of 4 pitch, 22
energy, 1 duration and 8 MFCC, and the
corresponding 35 visual features included 11 mean
of marker x coordinates, 8 mean of marker y
coordinates, 12 standard deviation of marker x

coordinates and 4 standard deviation of marker y
coordinates. The top 65 audio features selected by
Mahalanobis distance consisted of 7 pitch, 42
energy, 7 duration and 9 MFCC, while the
corresponding 65 visual features included 19 mean
of marker x coordinates, 13 mean of marker y
coordinates, 24 standard deviation of marker x
coordinates and 9 standard deviation of marker y
coordinates. For the KL-divergence criterion, the
best 25 audio features consisted of 4 pitch, 16
energy, 2 duration and 3 MFCC, and the
corresponding 25 visual features included 8 mean
of marker x coordinates, 5 mean of marker y
coordinates, 6 standard deviation of marker x
coordinates and 6 standard deviation of marker y
coordinates. The top 55 audio features selected by
KL-divergence consisted of 7 pitch, 37 energy, 5
duration and 6 MFCC, while the corresponding 55
visual features consisted of 15 mean of marker x
coordinates, 14 mean of marker y coordinates, 16
standard deviation of marker x coordinates and 10
standard deviation of marker y coordinates.
The overall performance of decision-level
fusion was better than feature-level fusion for both
the Mahalanobis distance and KL-divergence
criteria. In the case of LDA-transformed features,
the performance of the two fusion methods was
quite close, but for the PCA-transformed features
the decision-level fusion performed much better
than the feature-level fusion. Among the selected
audio features, the energy features were the most
important, followed by MFCC, pitch and duration.
The most important visual features were standard
deviation of marker x coordinates, followed by
mean of marker x coordinates, mean of marker y
coordinates and standard deviation of marker y
coordinates.
5. DISCUSSION
Human and machine classification performance on
the SAVEE database for the speaker-dependent
task indicated similar patterns of accuracy for the
audio, visual and audio-visual (decision-level
fusion) modalities. The comparison of human and
machine performance is given in Table 1. In
general, the visual modality performed better than
the audio, and the overall performance improved
when the two modalities were combined at
decision-level. An overall improvement was
observed in the standard error between visual and
audio-visual modalities for both Mahalanobis
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distance and KL-divergence criteria, although no
significant improvement was observed in the
classification accuracy. The possible reason was
that a high level of accuracy was obtained for the
visual modality alone and no further improvement
was obtained when the visual modality was
combined with the audio modality.
Table 1. Average classification accuracy in
percentage (± standard error) for seven emotions
on SAVEE database achieved by human and
machine. The audio, visual, and audio-visual
(decision-level fusion) features were selected with
Mahalanobis distance and
KL-divergence
measure, followed by linear transformation with
PCA and LDA.
Machine
Modality

Human

Mahalanobis
distance
PCA

LDA

KL-divergence
measure
PCA

LDA

Audio

67 ± 2.5

54 ± 8.0

61 ± 7.5

56 ± 7.6 55 ± 6.0

Visual

88 ± 0.6

96 ± 2.2

99 ± 1.2

95 ± 2.4 98 ± 2.0

AudioVisual

92 ± 0.1

96 ± 2.5

99 ± 1.0

95 ± 1.6 98 ± 1.3

The overall performance of LDA-transformed
features was better than the PCA-transformed
features for the features selected by both
Mahalanobis distance and KL-divergence criteria.
In the case of LDA-transformed features, the
Mahalanobis distance performed much better than
the KL-divergence for the audio modality, while
for visual and audio-visual modalities the
performance of two criteria was comparable. For
the PCA-transformed features, the performance of
Mahalanobis distance was comparable to KLdivergence. The overall performance of
Mahalanobis distance was better than KLdivergence for both the LDA-transformed and
PCA-transformed features.
For the Mahalanobis distance and KLdivergence criteria, the LDA-transformed features
performed better for a small number of selected
features (approximately up to 50), while the
performance of PCA-transformed features
improved with an increasing number of selected
features. In general, the decision-level fusion
performed better than feature-level fusion. The
overall performance of the two fusion methods
was comparable for the LDA-transformed
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features. In the case of PCA-transformed features,
the decision-level fusion performed much better
than feature-level fusion.
Differences existed between the classification
accuracies of human and machine. The possible
reasons are differences in the training data, i.e., the
machine was trained/tested in a speaker-dependent
scenario but humans were adapted to a small
amount of data and evaluation was performed in a
speaker-independent fashion, the task was discrete
emotion classification, and the expressed emotions
may have been lacking in naturalness.
6. CONCLUSIONS
For the speaker-dependent task using the SAVEE
database, the average recognition rates comparable
to humans were achieved for the audio, visual and
audio-visual modalities. A baseline system
consisting of feature selection using the Plus Take Away algorithm, feature reduction using
the PCA and LDA, and classification using a
Gaussian classifier was tested and high
performance was achieved.
The visual modality performed better than the
audio, and the overall accuracy improved for the
bimodal scenario. The LDA-transformed features
performed better than the PCA-transformed
features for the Mahalanobis distance and KLdivergence. The decision-level fusion performed
better than the feature-level fusion. The important
audio features were the energy features, followed
by spectral, pitch and duration features, while for
the visual modality, features from the forehead and
eyebrow areas were found most discriminative. In
general, the visual features were more
discriminative compared to the audio features.
The overall best results for the unimodal and
bimodal scenarios were achieved with the features
selected by Mahalanobis distance criterion. The
best classification accuracy for the audio modality
was 61 % (SE: 7.5) using 25 selected features, for
the visual modality it was 99 % (SE: 1.2) using 35
selected features, and for the bimodal scenario
(decision-level fusion) it was 99 % (SE: 1.0) using
35 selected features per modality. These results
were achieved with 6 LDA-transformed features
using a Gaussian classifier.
In Future we will extend the speakerdependent emotion classification to the speaker
independent scenario. The feature extraction,
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feature selection and reduction, and classification
techniques will be transferred to the speakerindependent task. For this purpose, additional
audio and visual features will be extracted, and
appropriate speaker normalization techniques will
be used. To achieve better classification
performance, we will adopt more sophisticated
schemes such as SVM for the classification.
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Abstract: This paper investigates the recognition of expressed emotion from speech and facial expressions
for the speaker-dependent task. The experiments were performed to develop a baseline system for the
audio-visual emotion classification, and to investigate different ways of combining the audio and visual
information to achieve better emotion classification. The extracted features were composed of 106 audio
and 240 visual features. The audio features consisted of pitch, energy, duration and MFCC features,
whereas the visual features were related to positions of the 2D marker coordinates. The Plus l-Take Away r
algorithm was used for feature selection based on the Mahalanobis distance, Bhattacharyya distance, and
KL-divergence as selection criteria. The feature selection was followed by feature reduction using the PCA
and LDA, and classification using the Gaussian classifier. Both unimodal and bimodal approaches were
used for emotion classification. The audio-visual fusion was investigated at two different levels: featurelevel and decision-level. The emotion classification results comparable to human performance were
achieved on the SAVEE database.
Keywords: Multimodal emotion recognition, feature selection, distance measures, classification, emotional
database

1. INTRODUCTION

communication in dialogue [4].

The interaction between human and machine is
becoming more interesting with the development
in technology. Human beings communicate with
each other through speech, but its verbal content
does not carry all the information conveyed.
Additional information includes vocalised
emotions, facial expressions, hand gestures and
body language as well as biometric indicators [1,
2]. From the human perspective, the humanmachine interaction will be more natural and
attractive if machines are able to recognize human
emotions and respond accordingly [3]. On the
other hand, recognition of the user’s expressed
emotion can improve the reliability of

Previous studies have mainly focused on
unimodal approaches (e.g., speech, facial
expressions) for emotion recognition. The
modalities have largely been treated independently

Automatic emotion recognition has many
important applications including affect-sensitive
automobile systems, emotional intelligent
customer services systems, and game and film
industries [5]. The field of emotion recognition has
attracted researchers from various disciplines and
current research has made significant progress in
several areas including acquisition of emotional
databases, feature extraction and selection, and
classification and fusion of modalities [5, 6].
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and the interrelation between them has not been
explored. In actual fact, speech and facial gestures
are highly correlated and coordinated, and the
relationship between these two modalities is
affected by emotions and linguistic content [7].
Humans express their emotion through both
speech and gesture, and it has been suggested that
an ideal emotion recognizer should be based on
multimodal information [1, 8].
The reliability of an emotion recognizer is
based on several factors including the quality of
emotional data used to build the system. Popular
audio databases include the AIBO corpus, Berlin
database (EMODB) and Danish database [9–11].
Visual databases include the Cohn-Kanade and
MMI databases [12, 13]. Examples of audio-visual
databases are GEMEP, Facial Motion Capture
database, IEMOCAP, Belfast Naturalistic database
and HUMAINE database [7, 14–17]. These
databases are either acted or natural.
Audio and visual features of different types
have been investigated for the analysis of emotion.
Important acoustic features include pitch,
formants, duration, spectral energy, and mel
frequency cepstral coefficients (MFCCs). Audio
features have been used at utterance-level [18, 19],
as well as at frame-level [20, 21]. Vision-based
emotion recognition is primarily based on facial
expressions, since the face plays the most
important role in conveying emotion. Facial
features can be divided into two categories:
geometric and appearance [22]. The techniques of
Pantic and Bartlett [22] and Chankg et al [23] are
based on geometric features, while [24, 25] used
appearance features.
Feature selection and reduction techniques are
commonly used to discard uninformative,
redundant and noisy information. The processes of
feature selection and reduction improve both the
classification accuracy and computational
efficiency. For emotion recognition, different
types of feature search technique have been used
including sequential forward selection [19],
sequential floating forward selection [26], genetic
algorithms [27] and best-first [28]. Feature
reduction techniques include PCA and LDA [29,
30].
The choice of classifier plays a crucial role in
any pattern recognition problem. Commonly used
classifiers are Gaussian mixture model [31],
hidden Markov model [20], neural network [32],

support vector machine [33], and adaptive
boosting [34]. Multimodal approaches have been
adopted to improve the emotion classification by
fusion of data at feature [2], decision [35], and
model [36] levels.
Most research in the area of emotion
recognition is based on using a single modality
(e.g., audio or visual), and less progress has been
made in terms of multimodal approaches. This
research aims to achieve better emotion
classification by combining the audio and visual
modalities. The following sections present the
SAVEE database, method, experimental results
and conclusion.
2. SURREY AUDIO-VISUAL EXPRESSED
EMOTION (SAVEE) DATABASE
The design of an automatic emotion recognizer is
based on many factors, and one of the important
factors that can affect its performance is the
emotional database used to build its models
representing
human
emotions.
Emotional
behaviour databases of acted and spontaneous
emotions have been recorded for emotion analysis.
The attributes of an emotional database that affect
the performance of an emotion recognizer include
emotion categories, number of speakers,
modalities and quality of the data [14].
2.1 Corpus Design
We used SAVEE database [37] for our analysis.
The database consists of data from four British
male speakers, with an average age of 30 years, in
Ekman’s six basic emotions (anger, fear, disgust,
sadness, happiness and surprise) [38] plus neutral.
The text material for the database was selected
from the TIMIT database [39], which consists of
phonetically-diverse sentences. The text material
consisted of 15 sentences for each of the six
emotions and 30 sentences for the neutral. The
distribution of sentences in this way resulted in
120 utterances per actor and 480 utterances in
total.
2.2 Data Recording
The data were recorded using 3dMD’s 4D capture
system [40] at the University of Surrey, UK. The
3dMD’s system covers 180 degrees of the face.
The sampling rate for audio data was 44.1 kHz,
while that for video was 60 fps. To extract facial
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features, each actor’s frontal face was painted with
60 markers. Markers were painted on the forehead,
eyebrows, cheeks, lips and jaw. 㻌

consisting of 106 audio and 240 visual features.
The details of the audio and visual features and
their extraction are given below.

2.3 Data Processing and Annotation

3.1.1 Audio Features

Both the audio and visual data were annotated.
The audio data were labelled at the phone level,
and facial markers were tracked for each frame of
the visual data.

The audio features were related to pitch (f0),
duration, energy and spectral envelop. These
features were extracted using the Speech Filing
System [41] and HTK [42], as shown in Fig. 2a.

2.4 Subjective Quality Evaluation
Quality of the recorded data was checked in terms
of expressed emotions by performing the
subjective evaluation. The SAVEE database was
evaluated by 20 subjects (10 male, 10 female) with
an average age of 25 years. The audio, visual and
audio-visual data were evaluated at utterance
level.
Each actor's data were evaluated by 10
subjects. The classification accuracy for seven
emotion classes averaged over four actor’s data
and 10 evaluators was 66.5 % for audio, 88.0% for
visual, and 91.8 % for audio-visual data. Overall,
at least 8 out of 10 evaluators were able to
recognize the expressed emotions for 441 out of
480 utterances under bimodal scenario, indicating
that the database contain a high quality recorded
data.
3. METHOD
The speaker-dependent emotion classification was
performed by adopting a method comprising three
main steps, please see Fig.1. The first step was
feature extraction, in which audio features
consisting of pitch, duration, energy and spectral
envelope, and visual features consisting of 2D
coordinates of facial markers were extracted. The
next step consisted of feature selection and
reduction. The Plus l-Take Away r algorithm
(sequential forward backward selection) was used
for feature selection based on three criteria:
Bhattacharyya distance, Mahalanobis distance and
KL-divergence. Feature selection was followed by
feature reduction using the PCA and LDA
transformation techniques. Finally, different
emotion categories were classified using the
Gaussian classifiers.
3.1 Feature Extraction
For the speaker-dependent emotion classification
features were extracted at utterance-level

Pitch Features: The fundamental frequency (f0)
was extracted using the Speech Filing System
based on RAPT algorithm. Features related to f0
contour were minimum and maximum of mel
frequency; mean and standard deviation of first
and second Gaussian of mel frequency; minimum,
maximum, mean and standard deviation of mel
frequency first order difference.
Duration Features: Semi-automated phone labels
were used to extract duration features. The phone
labelling was performed in two steps: first
automatic labelling of the audio was performed
using the HTK, and second the Speech Filing
System was used to correct the automatic phone
labels based on listening assisted by the waveform
and spectrogram. The following duration features
were extracted: voiced speech duration, unvoiced
speech duration, sentence duration, average voiced
phone duration, average unvoiced phone duration,
voiced-to-unvoiced speech duration ratio, average
voiced-to-unvoiced phone duration ratio, speech
rate, voiced-speech-to-sentence duration ratio, and
unvoiced-speech-to-sentence duration ratio.
Energy Features: The energy features were
extracted by first filtering the signal in different
bands using a Butterworth filter and then
calculating the energy at frame level using a
Hamming window having a duration of 25 ms.
The step size was 10 ms. The following energy
features were extracted: mean and standard
deviation of total log energy; minimum,
maximum, range, mean and standard deviation of
normalised energies in the original speech signal
and speech signal in the frequency bands 0-0.5
kHz, 0.5-1 kHz, 1-2 kHz, 2-4 kHz and 4-8 kHz;
minimum, maximum, range, mean and standard
deviation of first order difference of normalised
energies in the original speech signal and speech
signal in the same frequency bands.
Spectral Features: The spectral envelope features
were extracted at utterance level using the HTK:
mean and standard deviation of 12 MFCCs.
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Fig. 1. Block diagram of emotion classification method for the speaker-dependent scenario.

Fig. 2. (a) Audio feature extraction with Speech Filing System software; (b) video data with marker locations.

Fig. 3. Block diagrams of the audio-visual fusion at two levels: (a) feature-level; (b) decision-level. FS: Feature
Selection; FR: Feature Reduction; GC: Gaussian Classifier.
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(a)

(b)

(a)

(b)

(c)

(d)

Fig. 4. Average classification accuracy (%) achieved for seven emotions on the subject KL data using the LDAtransformed features selected
and KL-divergence (Div)
(c) with the Bhattacharyya (Bhat), Mahalanobis (Mah) (d)
measures. The results were obtained for the (a) audio, (b) visual, and audio-visual modalities fused at (c) featurelevel 4.
(FL),
and (d)
decision-level
(DL). (%) achieved for seven emotions on the subject KL data using the LDAFig.
Average
classification
accuracy
transformed features selected with the Bhattacharyya (Bhat), Mahalanobis (Mah) and KL-divergence (Div)
measures. The results were obtained for the (a) audio, (b) visual, and audio-visual modalities fused at (c) featurelevel (FL), and (d) decision-level (DL).
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3.1.2 Visual Features
The visual features were extracted by painting
markers on actors’ foreheads, eyebrows, cheeks,
lips and jaws, as shown in Fig. 2b. After data
capture, the markers were manually labelled for
the first frame of a sequence and automatically
tracked for the remaining frames using a marker
tracker. The tracked marker x and y coordinates
were normalised relative to a reference point at the
bridge of the nose by subtracting the mean
displacement and rotating for the correction of the
head pose [7]. Finally, 240 visual features were
obtained from the 2D marker coordinates as the
mean and standard deviation of the adjusted
marker coordinates. The facial markers were
divided into upper, middle and lower sections. The
upper region included region above the eyes, the
lower region contained area below the upper lip,
and the middle region covered the cheek region.
3.2 Feature Selection and Reduction
The feature selection improves the classification
accuracy and makes the algorithm faster by
removing the uninformative, redundant or noisy
information. For the speaker-dependent emotion
classification, we adopted a two-step process:
feature selection with Plus l-Take Away r
algorithm, followed by feature reduction with
PCA and LDA.
3.2.1 Feature Selection
Feature selection was performed using a standard
algorithm based on the discriminative criterion
function. The Plus l-Take Away r algorithm [43]
is a feature search method based on some criterion
function. It combines the sequential forward
selection (SFS) and sequential backward selection
(SBS) algorithms to achieve better results.
At each step, l numbers of features are
included to the current feature set and r numbers
of features are discarded. The process continues
until the required feature set size is achieved. The
feature search was performed with l = 2 and r = 1,
i.e., one feature was added at each step. We used
this algorithm for feature selection based on three
different
criteria:
Mahalanobis
distance,
Bhattacharyya distance, and KL-divergence [44].
These distance measures have been used as
dissimilarity measures in different applications
including speaker recognition [44], emotion
recognition [45] and texture retrieval [46].

Mahalanobis distance: It is used to define the
similarity between two classes [47]. The
Mahalanobis distance between two normally
distributed classes ωi and ωj is defined as
√(

) (

) (

)

(1)

where µi and µj are the means, Σi and Σj are the
covariances, and Pi and Pj are the prior
probabilities of classes ωi and ωj, respectively. The
prior probabilities are calculated as Pi = (ni −
1)/(ni + nj − 2) and Pj = (nj − 1)/(ni + nj − 2),
where ni and nj denote the numbers of samples
from classes ωi and ωj, respectively. The
Mahalanobis distance is scale invariant and it
takes into account the correlation between
variables. The Mahalanobis and Euclidean
distances are equivalent when the covariance term
Pi Σi + Pj Σj is equal to the identity matrix.
Bhattacharyya distance: It is another way of
defining the separability between two classes [48].
For normally distributed classes it is given by
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The Bhattacharyya distance consists of two
components: the first term defines the class
separability based on class means, whereas the
second term provides the class separability based
on class covariance matrices. The first term
represents the Mahalanobis distance using an
average covariance matrix.
Kullback-Leibler (KL) divergence measure: The
divergence measure provides the dissimilarity
between two classes based upon information
theory [49]. For two normally distributed classes
ωi and ωj, the KL-divergence is defined as
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where tr denotes the matrix trace operation. The
above-mentioned relation consists of two
components: the first term provides the difference
between two classes using the class means, while
the second term provides the difference based on
covariance matrices. In this way, the divergence
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measure defines the separation between two
classes based on both the class means and
covariance matrices.

variation for different features. Second, we define
a matrix Y of n × m dimensions.
(5)

√

Features were normalised prior to applying the
feature selection by using the Z-norm (i.e., mean
subtraction and division by standard deviation).
The data was assumed to be normally distributed
and full covariance matrices were used for
computation, similar to other studies [44]–[46].
The above-mentioned distance measures provide
the separability between two classes. For m
number of classes the separability measure is
obtained by averaging it over all binary
combinations of the classes, and is given by

where ΣX denotes the covariance of X. The
eigenvectors of ΣX provides the principal
components of X. The Singular Value
Decomposition (SVD) of matrix Y provides the
eigenvector matrix V. The columns of matrix V
are the eigenvectors of YTY = ΣX, and therefore
the principal components of X.

(4)

The SVD decomposition of a matrix M is given by

∑

∑

where Jij is the separability measure between two
classes ωi and ωj, whereas Pi and Pj are the prior
probabilities of classes ωi and ωj, respectively.
3.2.2 Feature Reduction
Statistical methods can be used to reduce the
dimensionality of a feature set. This is achieved by
applying the linear transformation, y = Wx, where
y denotes the feature vector in reduced feature
space, W is the transformation matrix, and x is the
original feature vector. PCA technique [50] is used
to extract the important characteristics of highdimensional data and to remove the uninformative
and noisy data. The LDA method [51] provides
the separation between classes based on the ratio
of between-class variance to within-class variance.
We applied LDA by using the covariance of all
training data rather than between-class variance in
order to compare the LDA and PCA for different
numbers of features. PCA and LDA methods
involve feature centring, whitening, covariance
computation and eigen decomposition. For feature
reduction, we applied both PCA and LDA as
linear transformation techniques to the selected
features.
Principal Component Analysis (PCA): PCA
method is widely used for the statistical analysis of
data [50]. It has the ability to extract useful
information from noisy data by reducing its
dimensionality.
Let X be an m × n matrix, where m denotes the
number of features and n denotes the number of
samples. First, the mean value of each feature is
subtracted and each feature is divided by its
standard deviation to have the same range of

It can be shown that
(6)

(7)
Here U and V are the orthogonal matrices,
where the elements of V are eigenvectors, and U is
the set of vectors deﬁned by ui ≡ (1/σi)Xvi. Σ is a
diagonal matrix with singular values
σ1 ≥ σ2 ≥ … ≥ σr. Singular values are positive and
real, which are obtained by taking the square roots
of eigenvalues of a matrix.
Linear Discriminant Analysis (LDA): LDA is
another example of the feature reduction
techniques, which provides the separation between
classes based on the ratio of between-class
variance to within-class variance [51]. The
criterion function for LDA is given by
( )
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where ΣB is the between-class variance, ΣW
denotes the within-class variance, and ΣT is the
total variance matrix. µ is the total mean vector, µi
denotes the mean vector for class i, and m is the
total number of classes. The transformation matrix
W maximises the ratio of between-class variance
to within-class variance. The columns of matrix W
contain the eigenvectors corresponding to the
largest eigenvalues in
(9)
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In the above relation, if ΣW is non-singular
then the equation can be solved by eigenvalue
-1
decomposition of ΣW ΣB. Alternately, the
eigenvalues can be calculated as the roots of
characteristic polynomial

The audio-visual emotion classification was
performed by the fusion of modalities at featurelevel, and at decision-level, as shown in Fig.3.

A detailed analysis was performed to compare the
class separability performance of the Mahalanobis
distance, Bhattacharyya distance, and KLdivergence measures using the single subject (KL)
data from the SAVEE database.

|

|

(10)

(

)

(11)

and then solving

for eigenvectors wi. The matrix ΣB is of the rank m
− 1 or less, since it is the sum of m matrices of
rank one or less, and only m − 1 of these are
independent. There are m − 1 non-zero
eigenvalues and weight vectors corresponding to
these eigenvalues. In the case of isotropic withinclass scatter, the eigenvectors are those of ΣB. In
general, the solution for W is not unique and the
transformations rotate and scale the axes in
different ways. These linear transformations do
not make any significant changes to the criterion
function J(W) or classifier.
PCA is non-parametric and the solution is
unique and independent of any hypothesis about
the data probability distribution. These two
properties are the weakness as well as the strength
of PCA. LDA is closely related to PCA in the
sense that both are linear feature reduction
techniques. The difference is that PCA does not
take into account any information about the
classes, while LDA explicitly attempts to model
the difference between the classes of data.
3.3 Classification and Fusion of Modalities
The Gaussian classifier utilises the Bayes decision
theory for classification. It is assumed that the
class-conditional probability p(x|ωi) have Gaussian
distribution for each class ωi. The Bayes decision
rule is described as

( |

) (

(

)

| )

(

)

where P(ωi|x) denotes the posterior probability,
and P(ωi) defines the prior class probability. A
single component Gaussian was used to model
each emotion class ωi using a diagonal covariance
matrix.

4. EXPERIMENTAL RESULTS

The feature selection with the Mahalanobis
distance and KL-divergence criteria was
performed using the full set of audio, visual, and
audio-visual (feature-level fusion) features. In the
case of Bhattacharyya distance, the feature
selection process encountered a numerical
problem after selecting a certain numbers of
features, which is discussed in more detail later in
this section. For this reason, the audio features
were selected from the pitch, energy, duration, and
MFCC features subgroups, whereas the visual
features were selected from the upper, middle, and
lower region of the face. In the case of audio
modality, the proportions of selected features were
13 % (pitch), 49 % (energy), 12 % (duration) and
26 % (MFCC), whereas for the visual modality,
the proportions of selected features were 37 %
(upper face), 37 % (middle face) and 26 % (lower
face). The feature-level fusion was performed by
combining 30 % audio and 70 % visual features,
as the visual modality performed better than the
audio modality. This combination was chosen as it
performed better than other combinations, such as
40 % audio, 60 % visual; and 50 % audio, 50 %
visual features. For the decision-level fusion, the
posterior probabilities obtained for the two
modalities were multiplied for equal numbers of
selected features from the audio and visual
modalities. The weighting of the two modalities
were equal. The data were divided into six sets,
where in each experiment the training data consist
of five sets and the testing data consist of one set.
The average results were obtained by combining
the results of all six experiments.
The results achieved for the seven emotion
categories using the audio, visual, and audio-visual
modalities are plotted in Fig.4. These results were
obtained for the LDA 6 features. The best results
achieved for the audio modality were 53 %
(standard error (SE): 7.2, 40 features (ft.)), 52 %
(SE: 7.5, 20 ft.) and 48 % (SE: 13.5, 10 ft.),
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whereas for the visual modality it were 99 % (SE:
1.6, 50 ft.), 98 % (SE: 3.3, 20 ft.) and 98 % (SE:
3.3, 30 ft.) using the Bhattacharyya, Mahalanobis
and KL-divergence measure-based features,
respectively. In the bimodal scenario, the best
results for the feature-level fusion were 99 % (SE:
1.6, 70 ft.),
99 % (SE: 1.6, 50 ft.) and 98 % (SE: 2.1, 190 ft.),
whereas for the decision-level fusion it were 99 %
(SE: 1.6, 50 ft.), 99 % (SE: 1.6, 40 ft.) and 98 %
(SE: 3.3, 30 ft.) for the Bhattacharyya,
Mahalanobis and KL-divergence measure-based
features, respectively.
The LDA-transformed features performed
better than the PCA-transformed features. The
results obtained for the PCA 20 components are
discussed here. The best results for the audio
modality were 42 % (SE: 6.5, 50 ft.), 42 % (SE:
5.5, 10 ft.) and 38 % (SE: 7.9, 30 ft.), whereas for
the visual modality it were 98 % (SE: 3.3, 50 ft.),
98 % (SE: 3.3, 80 ft.) and 98% (SE: 3.3, 140 ft.)
for the Bhattacharyya, Mahalanobis and KLdivergence measure-based features, respectively.
In the case of bimodal scenario, the best results for
the feature-level fusion were 90 % (SE: 3.0, 20
ft.), 89 % (SE: 3.9, 130 ft.) and 80 % (SE: 10.1,
170 ft.), whereas for the decision-level fusion it
were 98 % (SE: 3.3, 70 ft.), 98 % (SE: 3.3, 40 ft.)
and 95 % (SE: 6.2, 30 ft.) for the Bhattacharyya,
Mahalanobis and KL-divergence measure-based
features, respectively.
A comparison of the human and machine
performance for the seven emotion categories is
shown in Table 1. We achieved classification
accuracy comparable to human performance. In
general, the visual modality performed better than
the audio modality, and the performance of fusion
at decision-level was better than the fusion at
feature-level, especially in the case of PCA. A
much higher accuracy was obtained for the visual
modality alone. For this reason, no significant
improvement was observed in the classification
accuracy when the two modalities were combined.
The overall performance of Bhattacharyya
distance was better than the KL-divergence. In
comparison to the Mahalanobis distance, the
Bhattacharyya distance performed slightly better
for the audio and visual modalities in the case of
LDA, whereas for the bimodal scenario the results
were comparable. In the case of PCA, a
comparable performance was achieved for both
the Bhattacharyya and Mahalanobis distances.

Table 1. Comparison of human and machine average
classification accuracies (%) for seven emotions on the
SAVEE. FL: Feature-Level; DL: Decision-Level;
Bhat.: Bhattacharyya distance; Mah.: Mahalanobis
distance; Div.: KL-Divergence measure.
Modality Human

Machine (PCA)

Machine (LDA)

Bhat.

Mah.

Div.

Bhat.

Mah.

Div.

Audio

67 ± 2.5

42 ±
6.5

42 ±
5.5

38 ±
7.9

53 ±
7.2

52 ±
7.5

48 ±
13.5

Visual

88 ± 0.6

98 ±
3.3

98 ±
3.3

98 ±
3.3

99
±1.6

98 ±
3.3

98 ±
3.3

Audiovisual
(FL
fusion)

92 ± 0.1

90 ±
3.0

89 ±
3.9

80 ±
10.1

99 ±
1.6

99 ±
1.6

98 ±
2.1

Audiovisual
(DL
fusion)

92 ± 0.1

98 ±
3.3

98 ±
3.3

95 ±
6.2

99 ±
1.6

99 ±
1.6

98 ±
3.3

For the Bhattacharyya distance, the feature
selection starts with the full set of features but it
encounters a problem after selecting a certain
number of features. The Bhattacharyya distance
for two normally distributed classes is defined as
(
(

)

|

) (

|

√| || |

)

where µi and µj are the means, while Σi and Σj are
the covariance matrices of classes ωi and ωj,
respectively. The Bhattacharyya distance consists
of two components: the first term defines the class
separability based on class means, whereas the
second term provides the class separability based
on class covariance matrices. The first term does
not cause any problems, but the second term
becomes infinite after selecting a certain number
of features. The distance measure is averaged over
all binary combinations of the emotion classes for
different numbers of selected features, and when
one or more of these combinations fails, it leads to
the failure of the feature selection process. This
problem is caused by the denominator of second
term, which consists of the product of
determinants of the two covariance matrices. If the
values of the two determinants are very small,
their product results in a zero value, and thus
returns an infinite value for the second term. It was
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observed that the feature selection process was
affected by the small amount of training data. The
problem of singularity can be avoided by using a
large amount of training data and reducing the
number of features [46]. To overcome this
limitation of the Bhattacharyya distance, we
selected features from the subgroups of features
for each of the audio and visual modalities.
5. CONCLUSIONS
Classification of seven emotion classes was
performed on the SAVEE database using the
Mahalanobis distance, Bhattacharyya distance, and
KL-divergence measures as feature selection
criteria. The LDA-transformed features performed
better than the PCA-transformed features. The
overall best results were achieved with LDA 6
features and PCA 20 features (components).
In general, better results were achieved for the
visual modality in comparison to the audio
modality, and the fusion at decision-level
performed better than the fusion at feature-level,
especially in the case of PCA. The overall
performance of Bhattacharyya distance was better
than the KL-divergence. In comparison to the
Mahalanobis distance, the Bhattacharyya distance
performed slightly better for the audio and visual
modalities in the case of LDA, whereas for the
bimodal scenario it was comparable. In the case of
PCA, a comparable performance was achieved for
both the Bhattacharyya and Mahalanobis
distances.
Classification accuracy comparable to human
was achieved on the SAVEE database. Differences
existed between the classification accuracies of the
machine and humans. The possible reasons are
differences in the training data, i.e., the machine
was trained/tested in a speaker-dependent scenario
but humans were adapted to a small amount of
data and evaluation was performed in a speakerindependent fashion, the task was discrete emotion
classification, and the expressed emotions may
have been lacking in naturalness.
In future the current method will be applied to
the data of all speakers of SAVEE database and
the method will be extended to other databases. It
will be interesting to investigate the emotion
classification both in the speaker-dependent and
speaker-independent scenarios.
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Abstract: A review of the design techniques to introduce band rejection capability in printed Ultra
wideband (UWB) antennas is presented in this paper. UWB is a promising technology for future wireless
communication systems but due to its wideband spectrum it can interfere with other narrow band systems.
To overcome this issue a number of techniques are proposed to introduce a band rejection capability in
UWB systems. However these techniques have some disadvantages and limitations. In this paper we
studied different techniques proposed so far in open literature. After reviewing them we divided them into
different categories for systematic comparison. The working operation and limitations of proposed designs
are discussed. All techniques are critically assessed and based on specific advantages and disadvantages,
recommendation is given to use the appropriate technique to satisfy the given design requirements. The
future research work required for further exploration of UWB antenna is also proposed.
Keywords: UWB antenna, band notch, EBG, SRR, parasitic patch, DGS

1. INTRODUCTION
Ultra-wide band (UWB) is a promising radio
technology that can be used at low power for short
range,
high
bandwidth
communications.
Traditionally it has been used for radar imaging
but recently it has gained a lot of interest from
system designers and researchers for sensor data
collection, precise location and tracking
applications[1]. The home networking system
consists of multimedia gadgets such as laptops,
smartphones, HDTVs and DVDs. UWB is being
targeted as cable replacements for these systems.
Due to large bandwidth of UWB systems, the
antenna design is quite challenging to meet the
characteristics of wide impedance bandwidth, high
gain, omnidirectional radiation pattern and
compact size [2]. Along with all the benefits and
advantages of UWB systems, they have a very
common problem of interference with high power
narrow band systems which operate within the
UWB band of operation i.e. 3.1GHz to 10.6GHz
[3].UWB systems share the radio spectrum with
Wi-Fi, WiMAX, X-band and C-band (Fig. 1).

UWB receiver consists of a low noise
amplifier (LNA) at the front end to provide low
noise figure and a high gain. But high power
signals from narrow band systems can cause
overloading of the receiver circuit[4]. This issue
can be resolved by using a filter circuit in the front
end, but this technique is limited in its application
because it introduces the problem of increased
weight, size, complexity and cost of the system.
Another innovating technique to overcome
this problem is to alter the antenna design in such
a way that the unwanted signals are not captured at
all. For this purpose UWB antennas with band
notch ability have been proposed [5]. These
antennas reject unwanted bands by having VSWR
>2 for the undesired frequencies. To critically
review band notch designs we present a brief
overview of existing techniques.
2. BAND NOTCH TECHNIQUES
The following techniques have been proposed in
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open literature to introduce band notch ability in
printed UWB antennas.
2.1 Etching Slots
One of the common techniques is to etch slots in
the antenna structure to create band rejection.
2.1.1 Slot in the Patch
By embedding symmetric slots in the radiating
patch of the antenna the current distribution is
disturbed and results in a notched band. The
current distribution of a slot antenna at the
operating frequency and notch frequency are
shown in Fig. 2(a) and Fig. 2(b) respectively.
The current distribution is uniform and
flowing in one direction at the operating frequency
while at the notched frequency it is non-uniform
and multi directional.
The insertion of slot is the easiest way of
achieving band notch feature; in fact this
technique applies directly to a UWB antenna with
least modification in its shape. By changing the
parameters of a slot, notched center frequency, and
the notched bandwidth can be adjusted according
to the requirement. Most commonly reported slots
include U-shaped, L-shaped, C-shaped, square, pishaped, rectangular, vertical, arc shaped, V-shaped
and dual arrow head slots[5-8]. In Fig. 3 UWB
antenna with inverted U-shaped slot is shown, the
antenna was fabricated on FR4 substrate with a
thickness of 1.6 mm. The antenna has a partial
ground plane. This antenna is fed by a micro stripline feed. The reflection coefficient (S11) is less
than -10 dB in 3.7~11.1 GHz frequency range
except for the notch band of 4.9~5.9 GHz [9]. The
VSWR of the antenna, with and without slot is
shown in Fig. 3 where its value is much greater
than 2 in the rejected band.
The dual arrow head slot antenna proposed in
[10] is shown in Fig. 4(a). It has an operating band
width of 2.8 ~ 18.6 GHz, which is wider than the
normally reported UWB antennas. The notch lies
between 5.7 ~ 6.3 GHz. The C-shaped slot antenna
proposed in [11] shown in Fig. 4(b) has a
consistent VSWR curve throughout the operating
band, and an excellent rejection in 5~6 GHz band
having VSWR more than 11 at the center notched
frequency. The width and length of the slot
controls the notched frequency and bandwidth.

2.1.2 Slot in the Ground Plane
Another technique is etching slot(s) in the ground
plane of antenna. It has similar effect on antenna
performance as that of slot in the patch. These slot
structures are sometimes referred to as defected
ground structures (DGS). This technique has also
been reported for the CPW ground antennas. Fig.
5shows two different antennas employing quarterwavelength and half-wavelength tunable slots
integrated into the arc shaped ground plane of the
circular disk patch antennas. This introduces the
desired band-rejection around 5.8 GHz. The
working band varies from 1.62 GHz to 17.43 GHz
[13]. A VSWR>16 at the notched frequency, and a
consistent VSWR less than 2 can be seen in Fig. 6.
2.1.3 Other Slots
Use of multiple slots is extensively found in the
literature to introduce multiple notched bands.
Etching of slot is not limited to one part of antenna
in one design, but, slots in patch, ground and feed
line can all be found in a single design for multiple
band notches. Fig. 7 and Fig. 8shows two such
designs along with their gain and VSWR plots
respectively.
Fig. 7 shows a double fed dual band notched
UWB antenna, reported in [14]. This type of feed
arrangement stops the excitation of horizontal
currents and ensures that only the dominant
vertical current mode is present in the circuit [15].
This results in the improvement of polarization
properties of the circular monopole antenna. The
proposed antenna provides dual notched bands at
3.4~3.8 and 4.8 ~6.2 GHz. The two slots in the
patch and the ground plane provides some control
over the notched frequency and bandwidth.
2.1.4 Fractal Slots
Slots in fractal shape is another interesting method
being used for frequency notch purposes. Fig. 9
shows fractal binary tree slots, in which each
branch is further branched into two branches.
Three variations of this topology are shown in
which branching angles are of 60o, 120o, and 180o
respectively. This is a 16 X 22 mm2 UWB antenna
with a notch frequency at 5.61 GHz for 120o
branch angle. The advantage of using fractal tree
technique is the additional resonance that it creates
at 10.2 GHz which is within the UWB range.
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Table 1. Comparison of band notching techniques for UWB antennas.
Technique

Slots

Resonant cells
(CLL/CSRR)

Parasitic patch

Stub

Stop
band
Max
VSWR

Highest
gain
(dBi)

Size of
antenna
(mm2)

Reference

Pass band
Min
VSWR

Rejected
bands
(GHz)

[6]
[12]
[10]

1.1
1.2
1.1

>10
4.5
4.4

4.5
4.1
6

34 x 30
12 x 19
28 x 32

[14]

-

5.1 ~ 6.0
5.02~5.97
5.7 ~ 6.3
3.4 ~ 3.8
4.8 ~ 6.2

-

5

20 x 30

[11]

1

5~6

>10

7

32 x 30

[18]

1.05

5.6 ~ 5.9

4.9

-

41 x 34

[19]

1

3.3 ~ 3.6
5.15 ~ 5.35
5.725~5.82
5

10.1

5

27 x 34

[21]
[24]

1.4
-

5.05 ~ 5.9
4.5 ~ 5.38

6.6
-

-1.2
6.1

13 x 11
31 x 40

[23]

1

5~6

22

5.5

20 x 25

[26]

0.1

5.1 ~ 6.1

>12

4

47 x 37

[27]

-

5.15~5.825

-

5

30x39.3

[29]

-

5.18~6.23

-

5.8

30x39.3

[30]

1

5.20~5.72
5.99~6.23

>6

-

38x40

[35]

1

5.2 ~ 5.8

>30

4.5

43x46

[32]

-

3.3~3.7
5.15~5.825
8.025~8.4

-

-

40 x 40

3.3 ~ 4
5.15 ~ 5.4
5.8 ~ 6.1

>10

EBG

Combination of
different
techniques

[20]

1.1

5

24 x 30

Observations
 Simple technique.
 Small antenna size
available.
 Reconfigurable
notched bands.
 Multiple notched
bands achievable.
 Simple technique.
 Reconfigurable
notched bands.
 Multiple band
rejection possible.
 Coupling exists
between multiple
cells.
 Small antenna size
available.
 Widely used
technique
 Notched band
tuning possible.
 Relatively
complex
technique.
 Reduced coupling
between multiple
EBG structures is
possible.
 Fine tuning of
notched bands
possible.
 Multiple band
rejection possible.

 More
advantageous
features can be
combined.
 Better for multiple
band rejection.
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Fig. 1. Common interferers to UWB systems.

(a)

(b)

Fig. 2. Current distribution at (a) notched and (b)operating frequencies [6].

(a)

(b)

Fig. 3. Inverted U-shaped slot antenna (a)front view (b)VSWR of antenna [9].
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(a)

(c)

(b)
Fig. 4. Antennas with slots in patch [10–12].

(a)

(b)

Fig. 5. Antennas with slot in ground plane: (a) Quarter wave; (b) Half wave [13].

Fig. 6. VSWR of the band-notched antenna shown in Fig. 5 [13].
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(a)

(b)

(c)

Fig. 7. Multiple slots antenna: (a) Front view; (b) Back view; (c) Gain of antenna [14].

(a)

(b)

Fig. 8. Multiple slots antenna: (a) Front view; (b) VSWR of the antenna [16].

(a)

(b)

Fig. 9. Fractal slots in patch of UWB antennas (60o, 120o, 180o branch angles, respectively) [17].
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2.2 Embedding Resonant Cell
Another reported technique is that of split ring
resonator (SRR) which is a variation of the basic
technique of etching slots in the patch. In this
technique two incomplete rings with one as inner
and other as the outer are etched on the patch. The
open ends of the rings are co-directional in some
designs and opposite in yet others as shown in Fig.
10. Fig. 10(b) shows one SRR cell.
The capacitive loaded loop (CLL) element is
self-resonant like the split ring resonator (SRR)
element and has a resonant frequency that is
dependent on loop inductance and capacitance
resulting from loop cuts. However, the CLL
element has a much simpler and compact design
[19]. Fig. 11 shows one such antenna with triple
band notch. By varying the gap between the cuts
of the CLL elements, the center notch frequency
can be adjusted. The gap between the feed line and
CLL element affects the rejection quality and to
some extent the notched frequency.
In [20] a variation in the resonant cell is
presented where an open loop resonator is placed
at the center of the fork-shaped patch and fed by
the patch through two tapped lines as shown in
Fig. 12. The effect of parametric changes of the
patch and the resonant structure is studied and
presented.
It is shown that the resonator can be treated as
being composed of two sub-resonators, each with
a tapped line and a folded strip of open-loop
resonator. A maximum suppression of 35 dB in
gain at the notch frequency is achieved, which is
one the lowest gains of the rejected bands reported
throughout the literature. An explicit mathematical
model for the functioning of antenna is also
presented along with the equivalent circuit
diagrams of the antenna.
2.3 Creating Parasitic Patch
Placing parasitic patch on the front face or the rear
face of antenna affects the antenna performance
(gain, bandwidth) according to the location, shape
and dimensions of the parasitic patch. They are
electromagnetically coupled to the main radiating
patch to achieve band notch characteristic. The
parasitic patches are designed and placed in way to
cancel out the radiations of the main patch at the
desired notch frequency.
Fig. 13 shows the current distribution of the
proposed antenna at the notch frequency. It can be
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seen that the current distribution on the patch and
the parasitic patch is out of phase; hence
theoretically no radiation takes place. The size of
the antenna that is fabricated on the FR-4 substrate
is 13 x 11mm2. The size of the ground plane is 300
x 220 mm2. The antenna is positioned 115 mm
away from the edge of the ground plane. The
antenna is excited at the center of the radiating
element. Then impedance matching is achieved by
cutting off both lower sides of the radiator and
adjusting the distance between the radiator and the
ground plane. The I-shaped parasitic element is
printed on the rear side of the antenna and is
electrically separated from the main radiator and
ground plane. The electrical length of an I-shaped
parasitic element is approximately halfwavelength at the center frequency of 5.49 GHz
[21].
Fig. 14 shows the band notch realization in
UWB antennas using parasitic patches, Fig. 14(a)
and 14(b) shows the patch placement near the
radiating patch and Fig. 14(c) shows the parasitic
patch placed on the rear side of antenna. The
antenna shown in Fig. 14(a) shows a promising
feature of highly adjustable notch band using the
width and position of the parasitic strip, further in
it is shown that multiple notched bands can be
achieved by placing multiple strips, each for a
single notch. The design proposed in [23] also
proposes two more variations of the same design
by replacing the H-shaped patch with I-shaped and
U-shaped patches, the rejected band in all the three
cases is from 5~6 GHz. The antenna shown in Fig.
14(c) uses the innovated idea to place the notch
band resonator on the back side of the substrate.
This approach makes it possible to design the
patch and the antenna in isolation, before
combining them. This antenna has a notch at 5.15
GHz.
In [25] and [26] the band notch is apparently
achieved by modifying the patch shape but
actually this modification introduces the parasitic
patches in the antenna, and these patches then act
as band stop filters for the UWB antenna. Fig.
15(a) shows the antenna proposed in [25], in
which a semi elliptical patch attached to the main
patch causes out of phase current distribution with
the parasitic patch placed at the rear side of
antenna. Fig. 15(b) shows the segmented-patch
antenna proposed in [26]. The patch of the antenna
is cut into three segments, one becomes the
excited patch and the other two becomes parasitic.
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(a)

(b)

Fig. 10. (a) UWB antenna having embedded SRR in the patch; (b) SRR cell [18].

(a)

(b)

Fig. 11. (a) Gain; (b) Front view of UWB antenna with CLL resonant cells embedded in it [19].

Fig. 12. UWB antenna with an open loop resonator attached to the center of its patch [20].
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(a)

(b)

Fig. 13. (a) front view and (b) back view of current distribution of parasitic patch antenna at notched frequency [21].

(b)

(a)

(c)

Fig. 14. UWB antennas with parasitic patches to achieve notched-band [22–24].

(a)

(b)

Fig. 15. Some other forms of parasitic patch band-notched UWB antennas [25, 26].
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(a)

(b)

(c)

Fig. 16. UWB antennas incorporating stubs to achieve notched-band(s) [27–29].

(a)

(b)

Fig. 17. EBG structures used in (a) UWB antenna (b) UWB filter, to achieve notched-band [30, 31].

(a)

(b)

Fig. 18. UWB antennas incorporating multiple techniques to realize notched-band [20, 21].

Printed UWB Antennas having Band Notch Feature

This antenna can achieve a VSWR>12 in rejection
band of 5.1~6.1 GHz.
2.4 Using Stub
The insertion of stubs in the ground plane or patch
causes impedance mismatch for some frequencies.
This fact is exploited to design appropriate stubs
for rejection of undesired frequency bands in
UWB antennas. Further, changing the length and
width of the stub provides some control over the
notch frequency and bandwidth.
Fig. 16(a) shows a UWB antenna with
meandered ground stubs, these stubs are placed on
the top surface of antenna, but connected to
ground through holes drilled in the substrate. This
pair of stubs provides a single notched band in the
WLAN range (5.15~5.825 GHz), which can be
altered by varying the various parameters of stubs.
In the antenna of Fig. 16(b) two notched bands
are realized by using three slot-stubs inside the
ring patch. The notched bands are controlled by
the length and width of the slot-stubs. The length
and width of strip type ground stubs, shown in Fig.
16(c) controls the notched bands with least effect
on VSWR[29]. This design] provides rejection in
5.18~6.23 GHz band. The stubs are connected to
the ground plane through via.
2.5 Using EBG Structures
An efficient approach of achieving notched band
is the use of electromagnetic-band gap (EBG)
structures. By placing EBG structures close to the
feed line of antenna, the EBG structure works as
band stop filter. Fig. 17(a) shows the use of two
EBG structures for dual band notching[30]. It has
been shown that the edge-located vias mushroom
type EBG (ELV-EBG) is better than conventional
mushroom-type EBG (CMT-EBG) in terms of
compactness and frequency rejection function. The
research further explores that the use of EBG
structures on either sides of the feed line cause less
coupling between them, and hence tuning one
notch frequency has little effect on the other one.
In this design the control over the notched
frequency is provided by the width of the EBG
patch. The band width of the rejected band is
controlled by the coupling gap between the EBG
patch and the feed line. The two EBG patches
shown in Fig. 17(a) provide two notched bands
with an excellent isolation at the notched bands
and a very good rejection in terms of VSWR of
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notched frequencies. The two notched frequency
and their bandwidth can be varied independently.
Fig. 17(b) shows a similar implementation of
EBG structures. The antenna part shown is
actually a band pass filter, which can be integrated
into a UWB antenna or, as proposed by the
researcher [32] it can be used as a filter for UWB
signals. By the use of two EBG structures, two
notched bands are created at 5.2 and 5.8 GHz.
2.6 Combination of Different Techniques
Some reported designs are simply the combination
of earlier reported design techniques. The
combination
depends
on
the
particular
requirements for UWB antenna.
Fig. 18a shows a 40 x 40 mm2 triple band
notch UWB antenna, capable of rejecting 3.5, 5.5
and 8.2 GHz center frequencies. This design
combines meandered stub, CSRR and slot
technique in one antenna. This research concluded
that because of completely different shapes of the
three elements, they cause least coupling among
them, while providing simple control over the
notched frequencies.
The antenna shown in Fig. 18(b) is a 24 x 30
mm2 UWB antenna with impedance bandwidth of
2.6~12 GHz having VSWR<2 except for the three
stop bands of 3.3~4, 5.15~5.4 and 5.8~6.1 GHz.
The antenna incorporates DGS, pair of opencircuit stubs and a split ring resonant cell for band
rejection.
Besides the techniques categorized in the
above sections, some other designs are also
reported in the literature. In [12] a composite
Right-and Left-Handedness (CRLH) metamaterial
is proposed to create band stop filter for UWB
antenna. Fig. 19(a) shows the proposed filter and
the test antenna. Metamaterials are said to have
simultaneously negative
permeability and
permittivity, this was originally proposed by
Veselago in 1968 [36]. Fig. 19(b) shows an
antenna which is a multilayered antenna providing
triple notch bands. Closed-loop ring resonators are
fabricated on each layer, only layer one contains a
ring resonator with truncated ground plane
fabricated on its back side as well. The resonators
of each layer can be thought of as parasitic
patches. The three rejected bands of this antenna
are 3.3~3.7 GHz, 5.15~5.35 GHz and 5.725~5.825
GHz. The notched center frequencies are
determined by the diameter of closed loop
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(a)

(c)

(b)

Fig. 19 Use of (a) metamaterial (b) multilayered closed loop resonators (c) inter digital hairpin fingers, to realize
notched-band(s) [12, 33, 34].

(a)

(b)

Fig. 20 (a) Band notch realization using EBG and ground plane slot, (b) VSWR plot of antenna [35].

resonators. The volume of this antenna is
33x30x1.524 mm3. In [34] another filterintegrated-to-antenna design is proposed. It
consists of three linear identical inter digital
hairpin fingers. The notched band is obtained by
adding two other folded fingers on both sides.
Furthermore, the notched band can be easily tuned
by changing the folded part of the fingers. Fig.
19(c) shows the proposed filter and UWB antenna
connected together.
A combination of EBG and ground slot
technique is reported in [35], the antenna provides
a radiation band that spans from 2~25 GHz, which
is again much wider than those of normally
reported UWB antennas. The rejected band is
5.2~5.8 GHz. The dimensions of the EBG patch
and the slot controls the rejected frequency and

bandwidth. In the notched band VSWR is greater
than 30 which has been possible due to the
combination of two techniques. The antenna with
its VSWR plot is shown in Fig. 20.
3. COMPARATIVE ANALYSIS
After reviewing different band notching
techniques, we present the advantages and
disadvantages of different techniques. In Table 1 a
brief comparison of the above discussed band
notching techniques is presented. The values of
antenna parameters shown in the table are the
optimum values for the proposed antennas. It is
observed that very small antenna sizes can be
achieved by using slot or parasitic patch technique.
Also notched band can be easily tuned by
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adjusting slot dimension and position. However
this method is not suitable for multi band notch
requirements. On the other hand, multiple band
notches and reconfigurable designs are easily
possible through the use of resonant cells.
However resonant cells are complicated structures
and it is difficult to control the notch band. EBG
structure is an efficient technique, with a good
rejection quality. However designing EBG
structure requires detailed mathematical and
simulation analysis before it can be integrated with
UWB antenna. Also the size of antenna has to be
increased to accommodate EBG structures. The
hybrid combination of more than one technique is
a smart approach which combines the advantages
and compensates for the disadvantages of various
techniques into a single design.

3.

4.

5.
6.

7.

4. CONCLUSION
Techniques and designs for introducing band
notch feature in UWB antennas have been
discussed and critically analyzed in this review
paper. All proposed techniques in open literature
have been categorized for better comparative
analysis. It is observed that all techniques provide
satisfactory performance in both the pass and stop
bands. However, it is seen that the UWB antennas
having band rejection feature suffer from one or
more limitations i.e. complex in design, having
poor isolation at the notched frequencies, bad
rejection quality, and inconsistent response in the
pass band. Further, it is observed that most of the
proposed designs aim to cancel out the
interference from the WLAN band
None of the reported designs can overcome all
of these limitations, however for a given
application; design can be optimized by judicious
combination of different proposed techniques.
In our view further research on UWB antennas
having band notch feature is required for reducing
antenna size, proposing application specific
designs, proposing flexible antennas for emerging
wearable communication products.
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Abstract: The objective of this study was to determine the effect of artificial insemination and natural
mating on secondary sex ratio. Data consisting of 259 birth records were provided in the analysis. In
artificially inseminated cows, 123 births were recorded, of which 56 were females and 67 were males. In
cows through natural service, there were 136 calves, in total with 62 females and 74 males. With respect
to breed group there were 27 calves (12 females, 15 males) from indigenous, 123 (56 females, 67 males)
from Indigenous × Jersey (F1), 54 (26 females, 28 males) from F1 × F1 (F2) and 55 (24 females, 31 males)
from F1 × Friesian cows. Factors affecting the logic of the probability of a male calf being born were
determined using chi square analysis. Type of mating (i.e., natural or artificial insemination) and, breed of
service sire did not significantly (P>0.05) affected the likelihood of a male calf being born.
Keywords: AI, natural service, calf xex ratio

1. INTRODUCTION
The concern about the determination of secondary
sex ratio (SSR) of calves born in dairy cattle is of
great concern now a day [1]. The identification of
sex ratio with some biotechnological applications;
namely, super ovulation, in vitro fertilization, in
vitro embryo production, embryo division, and
embryo transfer has been of great significance in
dairy production [2]. The profitability of milk
production may be dependent on increasing female
calving ratio [1]. Probability theory indicates that
the SSR, the ratio of male to female offspring at
birth, should be 50:50 in respect of evolutionary
equilibrium [3]. In mammals, SSR of newborn
offspring was affected by many factors viz., litter
size, maternal age, maternal parity, mother’s milk
yield, maternal stress, birth type, birth season and
time of insemination, inbreeding levels, managerial conditions, and population demography [4].
Besides, body condition scores significantly
influenced positively secondary sex ratio [3]. In
————————————————
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similar studies, significant effects of breed, sire,
season, parity, and year on sex ratio were reported
[5, 6]. Additionally, it was stated that a substantial
influence of sex hormone levels of dam on sex
ratio was determined in the previous study [7] and
sex ratio was positively associated with herd size
[8]. In Azad Jammu and Kashmir, the rapid
genetic improvement of indigenous low
productive and non-descript cows is in progress
through artificial insemination (AI) but, in recent
years, there is concern from local farmers that
artificial insemination increases the probability of
a male calf in dairy production. The idea that the
probability of male calves is being increased by AI
in dairy production, has never been scientifically
proven or refuted [9]. This is a limiting factor in
the application of artificial insemination.
Therefore, the objective of the present study was
to determine whether artificial insemination or
natural mating in dairy cattle affects the sex of the
resultant calf.
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2. MATERIALS AND METHODS
The data regarding calf sex ratio of 123 calves
obtained as a result of artificial insemination and
136 calves obtained as a result of natural breeding
were utilized in the present study.
2.1 Crossbreeding
The different types of crosses and the genotype are
in Table 1. In first cross F1 offspring from crosses
between indigenous and Jersey were produced by
artificial insemination. In second type of cross F1

female were crossed with F1 male by natural
breeding, as a result of which F1 × F1 (F2)
offspring were produced. In third type of cross the
F1 female were crossed with pure Friesian bull by
natural breeding to produce 25 % indigenous + 25
% Jersey + 50 % Friesian offspring. All the cows
were maintained at Livestock Development
Research Centre (LDRC) Muzaffarabad, Azad
Jammu and Kashmir.
2.2 Sex Ratio
The records of normal calving were studied. Sex

Table 1. Type of crosses among different breed group and the genotype of the offspring.
Type Of Cross

Genotype of Offspring

Indigenous × Jersey

F1 (50 % Indigenous + 50 % Jersey)

F1 × F1

F2 (50 % Indigenous + 50 % Jersey)

F1 × Friesian

25 % Indigenous + 25 % Jersey+ 50 % Friesian

Table 2. Number of female, male calves and their sex ratio in crossbred cows both, inseminated
artificially and with natural service.
Breeding Method

No. of
births

Female

Male

Sex Ratio

X2 (1)

P

Artificial Insemination

123

56

67

100♀♀:119.64♂♂

1.019

> 0.2

Natural Service

136

62

74

100♀♀:119.35♂♂

0.743

> 0.2

Total

259

118

141

Table 3. Number of female, male calves and their sex ratio in indigenous and crossbred dairy cows.
Breed Groups

Sex Ratio

X2 (1)

Number of
Births

Female

Male

P

Indigenous

27

12

15

100♀♀:125.00♂♂

0.340

> 0.5

Indigenous × Jersey (F1)

123

56

67

100♀♀:119.64♂♂

1.019

> 0.2

F1 × F1 (F2)

54

26

28

100♀♀:107.69♂♂

0.074

> 0.5

F1 × Friesian

55

24

31

100♀♀:129.17♂♂

0.445

> 0.5

Total

259

118

141
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ratio was calculated as proportion of males against
100 female (100♀♀
♂♂).
2.3 Statistical Analysis
The probability of a male calf being born was
analysed by chi square test. A threshold
significance level was P <0.05.
3. RESULTS
3.1 Effect of Artificial Insemination
Natural Service on Calf Sex Ratio

and

Sex ratio of calves from artificially inseminated
cows and calves obtained as a result of natural
service (NS) from crossbred cows is given in
Table 2. In artificially inseminated cows, 123
births were recorded, with 56 females and 67
males (100♀♀:125♂♂). Crossbred cows through
natural service gave birth to 109 calves, of these
50 were females 59 were males (100♀♀:118♂♂).
However, the difference between male and female
births did not differ significantly (P > 0.050)
between two methods of breeding (AI and natural
service).
3.2 Effect of Breed Group on Calf Sex Ratio
The numbers of male, female calves and their sex
ratio in indigenous and crossbred dairy cows are
presented in Table 3. A total of 259 (118 females,
141 males) births were studied, of which 27 (12
females, 15 males) were from indigenous, 123 (56
females, 67 males) from Indigenous × Jersey (F1),
54 (26 females, 28 males) from F1 × F1 (F2) and 55
(24 females, 31 males) from F1 × Friesian cows.
Sex ratio of calves from indigenous, F1, F2 and F1
×
Friesian
cows
was
100♀♀:125♂♂,
100♀♀:120♂♂,
100♀♀:108♂♂
and
100♀♀:129♂♂ respectively. Chi-square test
showed that male and female births were not
significantly (P > 0.050) different from each other
in all the breeds groups.
4. DISCUSSION
In dairy generally, a farmer desires to have more
female born in order to increase the profitability of
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milk production with increasing female calving
ratio
There is evidence from Irish farmers that
natural breeding increases the probability of a
female calf in dairy [9]. Khan et al [10] reported
that male births were significantly higher as a
result of artificial insemination compared to
natural service but in present study no significant
gender difference was observed from Indigenous ×
Jersey (F1) calves because of artificial
insemination. Similarly calves outcome of natural
service, between F2 and F1 × Friesian crosses,
male and female calf’s ratio was not significantly
different from zero.
The result of the present study are not in
agreement with the view of Berry and Cromie [9]
who for the very first time quantify the effect of
AI versus natural mating on secondary sex ratio in
dairy and beef cattle.This may be due to the
difference of breed that have been used as
foundation breed for crossbreeding and some other
factor such as time of insemination.
In this study, there was no significant increase
in female calves both in indigenous cows and in
crossbred cows. Sex ratio reflected to be a higher
proportion of male calves for all types of crosses,
but this was not significantly different from zero.
Some investigators have also shown that male
calves were born in higher number than female
calves. Rahman et al [11] found to be insignificant
difference of sex ratio of local and crossbred cows
calved in different season in Dhaka, Bangladesh.
Mukherjee et al [12] observed significantly higher
frequency of male births in comparison with that
of female births from Karan Swiss cows in India.
Significantly higher frequency of male births have
also been found by Kaushik and Singhal [14]
among calves from Jersey x Hariana (Fl) ×
Holstein and Thanparker × Jersey (F1) × Friesian
[13].
5. CONCLUSION
In present the study, no association was evident
among natural mating, artificial insemination and
different breed groups.
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Abstract: This paper investigates the stability and tractability of the recursive least squares (RLS) and the
QR decomposition for the recursive least squares (QRD-RLS) techniques for adaptive filtering application
using the mean weight error norm (MWEN) instead of the conventional mean square error (MSE). The
analysis is based on the comparative performance with respect to numerical stability and tractability of
incoming signals. The analysis depends on the effect of the different values of the filter coefficient  to
these techniques. The simulation indicate that the RLS procedure reduces tractability and is numerically
unstable as the value of  increases while the QR decomposition for the recursive least squares showed
numerical stability and tractability of incoming signals. The simulation also revealed that the RLS
technique produces high misadjument as the filter coefficient increases; the contrary is true for the QRDRLS technique. In general, the RLS technique converges faster than the QRD-RLS technique.
Keywords: Adaptive Filter, RLS, QRD-RLS

1. INTRODUCTION
Filtering is a signal processing operations with
diverse objectives [9]. From mathematical point of
view, filtering is a function approximation
technique. Adaptive filter may be understood as
self modifying digital filter that adjust its
coefficients in order to minimize a predefined error
function. Adaptive filters are time varying since
their parameters are continually changing in order
to meet performance specification. Adaptive
algorithm minimizes error function which includes
data matrix, desired signal and adaptive filter
output signal. Adaptive algorithm is applied to
adapt the coefficients of the used filter to
nonstationary process; the coefficient of the filter is
adapted in a process that the error signal is
minimized.
Recursive least squares (RLS) is a modified
version of conventional least squares problem.
When solutions to least squares problem are
computed and updated each time new input
samples arrive the solution to the system becomes
recursive. RLS updates the estimate of least

squares minimization problem. The computational
procedure of RLS begins with unknown data value
or initial condition and applies the new data sample
to update the previous data value. RLS is often
described as time varying process since its
parameters are recursively updated when new
sample arrives. RLS recursively update solution to
linear least squares filter in which the inverse of the
autocorrelation matrix is recursively updated via
matrix inversion lemma. The recursiveness of
recursive least squares corresponds to adaptive
filtering application. RLS solve adaptive filtering
problem in order to compute coefficient vector and
associated errors recursively. RLS depend heavily
on input signal vector. RLS has excellent
performance when working in time varying
environment than stationary environment. The
acceptance of the RLS algorithm has been
impeded by unacceptable numerical performance
in limited precision environment [13]. For RLS
algorithm to operate in time varying environment
the forgetting factor  should be less than one,
this allows the RLS algorithm to utilize finite
memory. In this regard, RLS has the capability to
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track signal variation slowly. When the forgetting
factor is less than unity, the adaptive filter
coefficient is inconsistent [12]. This process causes
noise in the coefficient of the adaptive filter, with
result that they become misadjusted from their
optimum setting. Due to numerical instability
associated with recursive least squares, QR
decomposition was proposed [13]. In adaptive
filtering, QR decomposition apply time recursive
in order to accept input data and desired signal at
time instant k . Conventional QR decomposition
transform data matrix to orthogonal and upper
triangular matrix and also transform desired signal
vector. QR decomposition decomposes the data
matrix into orthogonal matrix Q(k ) and upper
triangular matrix R(k ). In other words we say QR
decomposition transform triangular system of
equation to a triangular system that uses only
transformed matrix [8, 13]. The transformation
process via QR decomposition reduces the original
data matrix to a reduced form. QR decomposition
recursive least squares (QRD-RLS) is a modified
version of conventional QR technique for solving
conventional least squares problem. QR
decomposition technique is numerically robust and
stable because of the norm preserving property for
the 2- norm [3]. Unlike RLS algorithms and its
variant which are highly computationally intensive
and also sometimes show some properties of
numerical instability [7, 13]. QR decomposition
based on Givens rotations approaches the solution
to recursive least squares problem by decomposing
the data matrix to upper triangular matrix. The
upper triangular matrix and the desired signal
vector are recursively updated via sequence of
Givens rotations in order to compute coefficient
vector via backward substitution and subsequently
perform rank one update when new input is
appended to the upper triangular matrix.
The rest of this paper is organized as follows;
Section Two describes the recursive least squares
procedure while Section Three contains the
modification of QR decomposition for adaptive
filtering. The QR decomposition for recursive
least squares algorithm (QRD-RLS) is explained in
Section Four. Simulation and conclusions are
contained in Sections Five and Six, respectively.
2. RECURSIVE LEAST SQUARES
Recursive least squares is a modified version of
the conventional least squares problem. RLS

updates the estimate of least squares problem, this
is done by defining initial conditions and apply the
new data value to update previous data value [12].
When solutions to least squares problem are
computed and updated each time new input
samples arrive the solution to the system becomes
recursive. RLS converges fast with low condition
number however as the condition number
increases RLS produce high misadjustment. RLS
has excellent performance when working in time
varying environment than stationary environment.
The acceptance of the RLS algorithm is sometimes
impeded by unacceptable numerical performance
in limited precision environment [13]. Our aim is
to select the coefficient of the adaptive filter such
that the adaptive filter output during the period of
observation will correspond to the desired signal,
since the minimization process requires
information from the input signal to be available.
The constant  is the forgetting factor, this
parameter gives more attention to present data
values than previous data values during adaptation
process [1, 5]. In formulating recursive least
squares cost function it is natural to include
forgetting factor to the cost function to ensure that
the previous data are given less attention in other
to concentrate on the new input data. In other
word, if the forgetting factor is small the previous
data sample contribute very infinitesimal to the
system because the forgetting factor is very
sensitive to the present data sample than previous
data sample [2]. In the context of linear least
squares filter the coefficient vector w(k ) is the
least squares solution which can be updated
recursively. The computation of the inverse
1
autocorrelation matrix U (k ) is computationally
intensive as such computing the least squares
solution directly by computing the inverse of the
autocorrelation matrix is not a good practical
option [4]. An alternative approach is to apply
matrix inversion lemma to update and recursively
compute the inverse of the autocorrelation matrix
2
in order to reduce the operations to order O(n ).
Ordinarily, as in conventional least squares by
inverting the data matrix X and multiplying by the
desired signal vector d one obtain the required
solution. However, in recursive least squares
sense we have to recursively update the inverse
of the autocorrelation matrix via matrix
inversion lemma [6; 10]. To implement the RLS
algorithm, we have to initialize the autocorrelation
matrix and coefficient vector before the algorithm
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start. In a situation where the time index is smaller
than the filter order, this means that the inverse of
the autocorrelation matrix does not exist as such
we intend to initialize the autocorrelation matrix to
obtain


U(i)

i



i k

xT (k )x(k )   i I,

(1)

k 0

where  is a constant and I is an identity matrix.
Suppose i  0 this implies that equation (1)
becomes

U(0)   I.

(2)

The constant term in equation (2) is introduced to
avoid division by zero and is the only parameter
required during initialization [12]. The
initialization of the autocorrelation matrix is
infinitesimal to the steady state behavior of the
recursive least squares algorithm. The algorithm is
summarized as follow:
Initialize autocorrelation matrix and coefficient
vector

U(0)   I,
w(0)  0.
For k  1,

2, 3,

,

compute gain vector

 1U 1 (k  1)x(k )
h( k ) 
1   1xT (k )U 1 (k  1)x(k )
compute a priori error

e(k ) d (k )  wT (k  1)x(k )
update coefficient vector

w(k ) w(k  1)  h(k )e(k )
compute filter output

y(k )  wT (k )x(k )
compute a posteriori error

3. MODIFICATION OF QR
DECOMPOSITION FOR ADAPTIVE
FILTERING
In this subsection, we decompose the data matrix
with respect to time so that the triangularization
process is recursive. Adaptive filtering parameters
are continually changing in order to meet specified
requirement where such requirement is based on
autocorrelation matrix or cross correlation vector
between data matrix and desired signal vector. As
mentioned earlier, since time varying is recursive
in nature we modify conventional least squares
problem (LSP) with respect to time such that the
data matrix, unknown vector and the desired signal
is defined with respect to time. The modify LSP
with respect to time translate to

min || X(k )w(k )  d(k ) ||22 .

Since we understand that Q(k ) and R(k ) are the
QR factor of X(k ) and also note that in adaptive
filtering problem the data matrix X(k ) and k  k
orthogonal matrix Q(k ) are updated for every
system update. For any time instant k with
respect to QR decomposition of the data matrix we
obtain

 R (k ) 
QT (k ) X
(k ) R
(k )  1  .
 0 

T

with additional row vector x (k  1) added to the
data matrix. As such the new data matrix can be
define as

 X( k ) 
X(k  1) 
 xT (k  1)  .



update the inverse autocorrelation matrix

Q ( k ) 0 
Q(k  1) 
,
 0
1 


U

(k )  (U (k  1) 
1

h(k )xT (k )U 1 (k  1)).

(4)

Where R1 (k ) and Q(k ) are the upper triangular
and orthogonal matrices, respectively. Both the
orthogonal and upper triangular matrices are
obtained due to the transformation of the input
matrix. The objective is to ensure that the input
matrix is stable when applied recursively. As new
data is received into the system the data matrix
becomes X(k  1) with dimension (k  1)  n

If we define

1

(3)

w(k )

e
(k ) d(k )  wT (k )x(k )

1
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(5)

and multiplying the above (5) with the new data
matrix we obtain
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QT (k ) 0 
 1) X(k  1) 
Q (k
 X(k  1)
1
 0
R (k )


 T
.
T
Q (k )x (k  1) 
T

(6)

 1/2 X(k  1) 
QT (k  1) 0  

 T(k ) 


0
1

 xT (k ) 

In order to obtain upper triangular matrix
1/2 R1 (k  1) 
R(k  1), the last row of equation (6) needs to be


T
(k ) 
0
an orthogonal
annihilated. Let T(k  1) be

T

matrix that annihilate the last row of
 x (k ) 

 R(k  1) 
T(k  1)QT (k  1) X(k  1) 
 0T  ,


where QT (k  1) T(k  1)QT (k  1) is orthogonal
T

1/2 R1 (k  1) 


0

 . (7)
T


0

The matrix  R(k  1) is the upper triangular
matrix scaled by the square root of the forgetting
factor.
1/2

because
both T(k  1) and Q (k  1) are
QRD-RLS Algorithm
orthogonal. The matrix T(k  1) can be formed
For each k ,
using orthogonalization procedure such as Givens
rotation and Householder transformation. It is vital
Initialize:
to state that the upper triangular matrix R(k  1),
w(0)  0,
is henceforth the input matrix and is updated as
new input data enter the plant. From here onward
X(0)   I.
we will use
Givens rotations for
Compute the transformation matrix
T(k  1). Updating the dimension of the data
T (k ) 
Tn (k ) Tn 1 (k )
matrix from k  n to (k  1)  n at the (k 
1) th
n
system update means that the (k  1) th orthogonal

T 2 (k ) T1 (k )   T i (k ).

matrix Q(k  1) has dimension  k  1   k  1 .

The above analysis shows the procedure for
transforming data matrix to upper triangular
matrix with respect to time.
4. QR DECOMPOSITION FOR
RECURSIVE LEAST SQUARES
ALGORITHM (QRD-RLS)
In previous section, we have described
fundamental
steps
to enhance
efficient
computation of coefficient vector by forming
triangular system of equation thereby paving way
for the solution to the triangular system of
equation which can be solved using backward
substitution [4; 11]. Appending input vector and
applying sequence of Givens rotations to annihilate
appended input vector except the last row we
obtain
  1/2 X(k  1) 


T
T
Q ( k ) X( k )  Q ( k ) 

 xT (k ) 

i 1

Apply T (k ) to update R1 (k ) recursively

1/2 R1 (k  1)   R1 (k ) 
T (k ) 
 T 
T
 x (k )   0 
compute and update the transformed desired signal
vector

1/2q(k  1) 
q ( k ) 

 s(k )   T (k ) 


 q(k ) 
compute and update the coefficient vector
recursively
via backward substitution
n

w (k ) 

q(k )   R1 (k )w (k )
i 1

R1 (k )

compute the cosine term
for each i  1: n
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n

 (k )   cos i (k )
i 1

compute and update the a posteriori error and a
priori error recursively


(k ) q(k )  (k )
e (k ) 

q( k )
 (k )

end
If necessary compute and update the errors
recursively using coefficient vector a priori error

e(k ) d(k )  wT (k  1)x(k )

a posteriori error

e
(k ) d(k )  wT (k )x(k )

5. SIMULATION
Simulation
is
performed
using
system
identification with transfer function in which the
plant is defined as the transfer function (see Figure
1. below) to identify the adaptive filter coefficient
with the optimal coefficient. In this regards the
length of both parameters are equal. The input
signal x(k ) passes through the linear filter.
Where

g ( z) 
(1   2 )1/2 / (1   z 1 ),
is the transfer function and is applied to produce
the desired signal vector d (k ) ; the signal to noise
ratio (SNR) is 30dB. Based on Figure 1, the
unknown plant is assumed linear. This expression
revealed that  is an input to the system function,
 is a real valued constant in the interval (0,1).
The system function and the unit variance white
noise  ( k ) ( z )  1 are applied as input to generate
the autocorrelation function xx ( z )  g ( z ) g ( z )
1

is further applied to the plant. The plant consist of
the transfer function g(z). The adaptive filter is
applied to identify the transfer function. Observe
that the autocorrelation matrix consist of one in the
diagonal and alpha  elsewhere. The  is
applied to determine the condition number of the
autocorrelation matrix. The performance of these
techniques strictly depends on the values of the
filter coefficient  . The filter coefficient is used to
investigate the stability, tractability and
adaptability of the techniques, which implies that
the filter coefficient is user defined. The different
values of the filter coefficient otherwise called
forgetting factor are 0.01, 0.5, 0.75 and 0.99 [9].
To generate the data matrix, the following
input signal generating procedure, say are applied.
The mean used is zero with white Gaussian noise
added to the desired signal; the variance is
  0.001. The filter coefficient  stated above
were applied to investigate the performance of
the algorithms. The mean weight error norm
(MWEN) is obtained by taking the ensemble
average of the weighted error norm. Instead of
using the conventional MSE, the MWEN was
applied to determine stability and tractability of
the technqiues. The comparison between the two
methods (QRD-RLS and RLS) showed that the
QRD-RLS is numerically stable than the RLS. The
Simulation also indicated that as the filter
coefficient increases the RLS reduces tractability
thereby producing high misadjustment. On the
other hand, QRD-RLS remain stable even though
the filter coefficient increases. The figures below
showed that QRD-RLS algorithm using mean
weight error norm is numerically stable and it’s
ability to track incoming signals is consistent and
robust compared to the RLS procedure.
x(k)
g(z)

Unknown
plant

 ( k ) ( z) 
1   2 / (1   z 1 )(1   z) The input
signal x(k ) is defined as

 1




1

U

 K 1
 K  2  K 3

2

 

 K 2 
K 1



1 

Adaptive
filter -

d(k)

y(k)

-

.

The input signal x(k ) is generated based on the
normal distributed random numbers (randn) which

e(k)

Fig. 1. System identification with transfer function.
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1. INTRODUCTION AND
PRELIMINARIES
Following [1] an element a is called prime to an
ideal I, if ab I implies b I and an ideal II is a
primal ideal if the elements which are not prime to
I form an ideal P called an adjoint ideal of I. An
element aR is said to be almost prime to an ideal
I provided that raI-I2 (with rR) implies that
rI. An ideal I of a ring R is called an almost
prime if xyI-I2 implies either xI or yI [2,
definition 2.4]. If A (I) denotes the set of all
elements of R that are not almost prime to I, I is
called an almost primal ideal of R if the set A(I) 
I2 forms an ideal of R [3]. A proper ideal I of R is
said to be almost primary ideal if whenever abII2, then aI or bRad(I) [4, definition 2.1].
An ideal I of a commutative ring R is said to
be irreducible if an ideal I is not the intersection of
two ideals of R that properly contain it. An ideal I
of a ring R is irreducible if, whenever I is the

intersection of two ideals i.e., I = J K, then either
I = Jor I = K. An ideal I of a ring R is said to be a
strongly irreducible if for ideals J and K of R, the
inclusion JKI implies that either J I or K I
[5]. By [1, Theorem 1], every irreducible ideal is a
primal. A prime ideal P of R is called strongly
prime if xyP, where x,yK, then xP or yP
(Alternatively P is a strongly prime if and only if
x-1PP whenever xK\R [6, definition, page 2].
Similarly an ideal I is a strongly primary ideal, in
the sense that xyP, x, yK implies that either
xP for some n1or yP.
Throughout R will represent a commutative
ring or an integral domain, we will clarify it
regularly in our discussion whenever it is required.
The concept of fuzzy sets and fuzzy relations
were introduced by Zadeh [7]. Fuzzy subgroup
and its properties were discussed by Rosenfeld [8].
After this, the notion of a fuzzy ideal of aring was
introduced by Liu, Malik, Mordeson and
Mukherjee. Fuzzy relations on rings have been
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introduced by Malik and Mordeson [9]. Fuzzy
ideal  of a ring R is said to be fuzzy prime, if it is
non-constant and for any two fuzzy ideals  and 
of R, the condition  implies that 
or. It is well known that  is fuzzy prime if
and only if (0) = 1, is a prime ideal of R and
|Im( )| = 2 [10, Theorem 3. 5.5]. Fuzzy ideal  is
called fuzzy primaryif it is non-constant and for
any two fuzzy ideals,  of R, , implies
 or  [10, Theorem 3.5.5]. Let  be an
integral fractionary fuzzy ideal of R then  is
strongly primary fuzzy ideal of R if for any
fractionary ideals,  of R,  implies that
or [11, Definition 4.1]. A fuzzy ideal 
in a Noetherian ring R is called irreducible if  ≠ R
and whenever 1 2 =  where 1 and 2 are
fuzzy ideals of R, then 1 = or 2= [12,
Definition 4.1]. A proper fuzzy ideal  of a ring R
is said to be strongly irreducible if for each pair of
fuzzy ideals  and  of R, if  then either
 or  [13, definition 2]. We recall few
terminologies from [11, 14].
Let t ={xR: t (x) 0}, a level set, for every
t[0, 1]. For a subset W of R, let W(t) be the fuzzy
subset of K such that W(t) (x) = 1 if xW and W(t)
(x) = t if xK\W, where t[0, 1). Let R be an
integral domain, a fuzzy R-submodule  of K
(quotient field of R) called a fractionary fuzzy
ideal of R if there exists dR, d≠0, such that
d1R(t) for some t [0,1). If  be a fractionary
fuzzy ideal of R then |R is a fuzzy ideal of R. If
|R is a prime (maximal) fuzzy ideal of R, then  is
called a prime (maximal) fractionary fuzzy ideal
of R. If (x) = 0 for all xK\R, then  is called an
integral fractionary fuzzy ideal of R. Thus, if  s a
prime (maximal) integral fractionary fuzzy ideal of
R, then Im ( ) = {0, 1, t} for some t[0, 1).
In section 2, we introduce and discuss strongly
primal ideal and its relations with strongly prime
ideals, strongly primary, and also with strongly
irreducible ideals. In section 3, we introduce fuzzy
primal ideal, fuzzy strongly primal, and fuzzy
almost primal ideals. All basic notations,
terminologies and definitions of fuzzy are referred
to [7, 9, 12, 14].

2. STRONGLY PRIMAL IDEAL
In this section we introduce strongly primal ideal
and describe its few characteristics. We discuss
few relations of strongly primal ideal with strongly
prime, strongly primary, and Strongly irreducible
ideals.
Definition 1. An element xK\R is said to be a
strongly prime to an ideal I of a ring R if xyI then
yII, for all x, yK\R.
Remark 1. Every strongly prime element to an
ideal I is a prime to I.
In case of integral domain we may define strongly
prime element as:
Definition 2. We call an element x is a strongly
prime to an ideal I of an integral domain R if,
xyI implies that yI, for all x, yK(where K is a
quotient field of R).
We define a strongly primal ideal as:
Definition 3. An ideal I of a ring (or an integral
domain) R is called strongly primal if the elements
that are not strongly prime to I form an ideal P
called the strongly adjoint ideal of I.
We interpret one important result regarding
strongly primal ideal in the lemma below.
Lemma 1. If an ideal I is a strongly primal ideal of
a ring R, P is a strongly adjoint to I if and only if
abI and bRIaRP. Conversely, whenever
aP, there always exist an element bK\R not
contained in I such that abI.
Proof. Straightforward.
Remark 2. If I is a strongly primal ideal of an
integral domain R, then bc and bare not at the
same time prime to I whatever the element c, b- c
shall be not strongly prime to I.
Remark 3. Every strongly primal ideal is a primal
ideal.
Remark 4. In an integral domain R an ideal I is a
strongly primal ideal and P be strongly adjoint to I
iff abI, bI implies aI where a, bK(quotient
field of R) and conversely, whenever aP, there
always exists an element b not in I such that abI.

Fuzzy Primal and Fuzzy Strongly Primal Ideals

Remark 5. Elements which are not strongly
primal to I can be represented into a residue class
ring R/I the zero factors, so we can define the
strongly primal ideal as: In R/I the zero factors
form an ideal P/I, where P is a strongly prime
ideal.
Proposition 1. If R is an integral domain then
strongly primary ideal is a strongly primal.
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so that a and b are not strongly prime to I. We
have to show that an ideal I is a strongly primal
ideal, since aR I and bR I. Clearly I: (a) and I:
(b) are proper divisors of I hence their intersection
I : (a)  I : (b) = I : ((a) + (b)) cannot equal to I it
implies that a-b is not strongly prime( prime) to
I. Hence the result follows by lemma1 and Remark
2. Similarly we can prove it for any integral
domain R.

Proof. Indeed, the elements that are not strongly
prime to a strongly primary ideal I are only the
elements of its prime radical (because strongly
prime implies prime) which constitute strongly
adjoint ideal P for a strongly primal ideal I.

Remark 6. If I is a prime ideal then it is strongly
irreducible every strongly adjoint ideal is a
strongly prime and hence prime  strongly
irreducible.

Hence from the above proposition we conclude
that:

We may express implications as:
Strongly primary ideal  strongly primal ideal

Strongly primarystrongly primal.



Strongly prime ideal  strongly irreducible ideal

Converse of the above proposition does not hold.
We illustrate it with the example.
Example 1. Consider a polynomial ring R= Q[x,
y] and consider ideal I = (x2,xy) is a quasi-primary
ideal with the radical (x) and is strongly primal
with strongly adjoint ideal (x, y).
Now xyI but neither xI nor ynI for any n.
When the converse of proposition1 holds? We
present a proposition here to clarify the matter.
Proposition 2. A strongly primal ideal is a
strongly primary ideal if it is a quasi-prime and
also its prime radical and strongly adjoint (which
is a strongly prime and hence a prime) prime ideal
coincides.
Proof. Let us assume that I is a strongly primal
ideal and also a quasi-prime, further it’s prime
radical is coincides with strongly adjoint prime
ideal P. We show that I is a strongly primary ideal.
Consider abI, bI ) aP (strongly adjoint
ideal) arad (I) (by assumption) therefore it
follows that anI for some n. Hence an ideal I is a
strongly primary.
Proposition 3. Every strongly irreducible ideal in
a commutative ring R (resp. in an integral domain)
is a strongly primal ideal.
Proof. Assume that an ideal I is strongly
irreducible ideal, also suppose that elements a,bI

3. FUZZY PRIMAL AND FUZZY
STRONGLY PRIMAL IDEALS
This section consists of three subsections. In first
subsection we introduce fuzzy primal ideal while
in second we discuss fuzzy strongly primal. In
third section we introduce fuzzy almost primal
ideal.
3.1. Fuzzy Primal Ideal
In this subsection first we introduce the concept of
fuzzy primal ideal and then we defined some
relations of fuzzy primal ideal with fuzzy prime,
fuzzy primary and fuzzy irreducible ideals.
We initiate with the following definition.
Definition 4. Let R be a fuzzy ring, I be a fuzzy
ideal of R. An element  is said to be a fuzzy
prime to an ideal I if I, impliesI.
Definition 5. An ideal I is said to be a fuzzy
primal ideal of a fuzzy commutative ring R if the
elements which are not prime to I form a fuzzy
ideal  called an adjoint fuzzy ideal to I.
Remark 7. If I is a fuzzy primal ideal of a fuzzy
ring R then  together, with  is not a fuzzy
prime to I whatever the element  ,  shall be a
non-fuzzy prime to I.
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Here we define necessary and sufficient conditions
for any fuzzy ideal to be a fuzzy primal ideal.

2> I1 1 is not a prime to I and thus by
remark7 and remark8, I is a fuzzy primal ideal.

Remark 8. A fuzzy ideal  is a fuzzy primal ideal
and  is a fuzzy adjoint ideal to  if and only if for
all , R such that I,  implies I and
conversely, whenever there exist fuzzy ideal 
contains  there always exist an element v such
that I and I.

3.2. Fuzzy Strongly Primal Ideal

Remark 9. It is straightforward that, for any fuzzy
ideals  and  of R, together with  is not a
fuzzy prime element to a fuzzy ideal I whatever
element, their difference - shall be a non-fuzzy
prime to I.
Proposition 4. Every fuzzy adjoint ideal to a
fuzzy primal ideal is a fuzzy prime ideal.
Proof. Let R be a fuzzy commutative ring and  be
a fuzzy adjoint ideal to a fuzzy primal ideal.
Following definition5, implies that  and
all elements which are not a fuzzy prime to fuzzy
ideal I forms an ideal (fuzzy adjoint ideal)  such
that  for all elements of a fuzzy ring R ;,,
… which are fuzzy prime to a fuzzy ideal I are
not contained in , so we have  and
 hence  is a prime fuzzy ideal.
Proposition 5. Fuzzy primary ideal of a ring R is
a fuzzy primal ideal.
Proof. Suppose  is a fuzzy primary ideal clearly 
is a non-constant and for any two fuzzy ideals 
and  of R,  implies or. Suppose
so  = P be a fuzzy adjoint ideal to 
such that for all elements ;,, … in a fuzzy ring
R, P and thus  is a fuzzy primal ideal.
Proposition 6. Every fuzzy irreducible ideal in a
fuzzy ring R is a fuzzy primal ideal.
Proof. Suppose I is a fuzzy irreducible ideal of a
ring R, also elements 1, 2 are contained in I so
that for all elements , , … in a ring R we
have, 1I, and 2 I. We have to show that
I is a fuzzy primal ideal, let < 1 >= R, where < 1 >
is a fuzzy (improper) principal ideal of R. Since 1
< 1 > I and 2 < 1 > I. Clearly I: 1 < 1 >
and I: 1 < 1 > are proper divisors of I hence their
intersection I: 1< 1 > I: 1 < 1 > = I:< 1 +

In this section we introduce and discuss fuzzy
strongly primal ideal of an integral domain.
We also establish few connections of fuzzy
strongly primal ideals.
Definition 6. Let R be a fuzzy ring with quotient
field K and I be a fractionary fuzzy ideal of R. An
element K is said to be a fuzzy strongly prime
to an ideal I if I, implies I
(where, K).
Definition 7. A fractionary fuzzy ideal  is said to
be a fuzzy strongly primal ideal of an integral
domain R, if all the elements fuzzy non-prime to
an ideal  form an ideal  (a fuzzy strongly adjoint
ideal to a fuzzy strongly primal ideal).
In remark 10, we give necessary and sufficient
condition for any fuzzy ideal to become a fuzzy
strongly primal ideal.
Remark 10. A fractionaryfuzzy ideal  of a fuzzy
integral domain R is a fuzzy strongly primal ideal
and  is a fuzzy strongly adjoint ideal to I if and
only if there exist, K
(Quotient field of R) such that  and  it
implies  and conversely, whenever , there
always exist  not contained in such that.
Remark 11. If an ideal I is a fuzzy strongly primal
ideal then together, with is not fuzzy strongly
prime to I whatever the element, shall be not
strongly prime to I.
Proposition 7. If R is an integral domain then
every fuzzy strongly adjoint ideal to a fuzzy
strongly primal ideal is a strongly prime fuzzy
ideal.
Proof. Let R be a fuzzy integral domain and be a
fuzzy strongly adjoint ideal to fuzzy strongly
primal ideal. Following definition12, we have
elements, K (quotient field of R) such that
, and there exist a fuzzy strongly
adjoint idealwhich contains .
By assumption for all elements (,, …K)
strongly prime to , such that

Fuzzy Primal and Fuzzy Strongly Primal Ideals

is a strongly prime ideal.
Proposition 8 .In an integral domain R a strongly
fuzzy primary ideal is a fuzzy strongly primal
ideal.
Proof. Suppose  is a strongly fuzzy primary
ideal, clearly  is non-constant and for any two
elements, K (quotient field of R),
implies  or . Suppose  so  =P
be a fuzzy strongly adjoint ideal to, such that for
all,, …K fuzzy strongly prime elements to,
 P= and thus  is a fuzzy strongly primal
ideal.
Proposition 9. Every fuzzy strongly irreducible
ideal in a fuzzy ring R is a fuzzy strongly primal
ideal.
Proof. Straightforward as in proposition 8.
3.3. Fuzzy almost Primal Ideal
In this section we introduce fuzzy almost prime
ideal of a fuzzy integral domain.
We call an element  of a fuzzy ring R a fuzzy
almost prime to an ideal I if, whenever  I-I2
 I.
We may define few more terminologies.
Definition 8. A fuzzy ideal I of a fuzzy ring R is
said to be a fuzzy almost prime if  I-I2
implies either  I or  I.
Definition 9. A fuzzy ideal  is said to be a fuzzy
almost primal ideal of fuzzy commutative ring R,
if it is non-constant and for any two elements,
R, such that -2 and whenever there
exist a fuzzy ideal such that. We call  a
fuzzy almost adjoint ideal to a fuzzy primal ideal.
Definition 10. A fuzzy ideal I of a fuzzy ring R is
said to be a fuzzy almost primary if whenever
 I-I2 implies  I or rad (I), where, R.
Definition 11. Let I be a proper fractionary fuzzy
ideal of fuzzy integral domain R, I is said to be a
fuzzy strongly almost primary ideal if for any,
K (quotient field of R)  I-I2 implies I or
I. If I=P then we call I a strongly almost Pprimary ideal.
Here we discuss few relations among the defined
ideals.
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Proposition 10. Fuzzy almost primary ideal of a
fuzzy ring R is a fuzzy almost primal ideal.
Proof. Let  be a fuzzy almost primary ideal of
fuzzy ring R. Clearly  -2 implies
or. Assume  it implies =P be a
fuzzy almost adjoint ideal to  such that for all
elements  (, , …) contained in R, =P,
this implies that  is a fuzzy almost primal ideal.
Proposition 11. Every fuzzy almost adjoint ideal
to a fuzzy almost primal ideal is a fuzzy almost
prime ideal.
Proof. Let R be a fuzzy ring and  be a fuzzy
almost adjoint ideal to fuzzy almost primal ideal .
Following definition11, we have -2
implies that there exist a fuzzy adjoint ideal such
that there exist a fuzzy ideal such that
this implies that for all , , … not contained in
, we have  implies  is a fuzzy
prime ideal.
4.
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1.

INTRODUCTION

The local fractional calculus theory was applied to
model and process the non-differentiable
phenomena in fractal physical phenomena [1–12].
Here are some local fractional models, such as the
local fractional Fokker-Planck equation [1], the
local fractional stress-strain relations [2], the local
fractional heat conduction equation [9], wave
equations on the Cantor sets [11], local fractional
Laplace equation [12], Newtonian mechanics on
fractals subset of real-line [13], and the local
fractional Helmholtz equation [14]. There are
some analytical methods widely applied to solve
non-linear problems includes fractional Adomian’s
decomposition method [15], the homotopy
perturbation method [16], the heat-balance integral
method [17], the complex transform method [18],
the homotopy analysis method [19], the fractional
sub-equation method [20] and the fractional
variational iteration method [21] and more details
seen in [22].
Recently, the application of Adomian’s
decomposition method for solving the linear and
nonlinear fractional partial differential equations
in the fields of the physics and engineering had

been
established in [23, 24]. Adomian’s
decomposition method was applied to handle the
time- fractional Navier-Stokes equation [25],
fractional space diffusion equation [26], fractional
KdV-Burgers equation [27], linear and nonlinear
fractional diffusion and wave equations [28],
fractional Burgers’ equation [29]. The Adomian’s
decomposition method, as one of efficient tools for
solving the linear and nonlinear differential
equations, was extended to find the solutions for
local fractional differential equations [30-33] and
non-differentiable solutions were obtained.
In this paper, our aim is to apply the local
fractional Adomain’s decomposition method [34,
35] for solving fractional partial differential
equations in the sense of local fractional
derivative. To illustrate the validity and
advantages of the method, we will apply it to the
space-time fractional wave and heat equations.
2. PRELIMINARY RESULTS AND
DEFINITIONS
In this section, we present few mathematical
fundamentals of local fractional calculus and
introduce the basic notions of local fractional
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continuity, local fractional derivative, and local
fractional integral of non-differential functions.
Definition 2.1. If there exists the relation [7, 36]

f x   f x0    , 0    1,


k times




f k  x   Dx . . . Dx f x ,

and local fractional partial derivative of high order

(1)

with x  x0   , for  ,   0 and  ,   . Now

k times



 f x  


.
.
.
f x .
x  x 
dx k
k

f x  is called local fractional continuous at
x  x0 , denoted by lim f x   f x0  . Then

Definition 2.5 Setting

f x  is called local fractional continuous on the
interval a, b, denoted by

interval a, b is defined [36]

x x0

f x   C a,b.

(2)

Definition 2.2. A function f x  is called a nondifferentiable function of exponent  , 0    1 ,
which satisfy Hölder function of exponent  ,
then for, x, y  X such that [7,36]

f x   f  y   C x  y .


(3)

Definition 2.3. A function f x  is called to be

continuous of  , 0    1, or shortly 
continuous, when we have the following relation
[7,36] f x   f x0     ,





f x   f x0   o x  x0  .


(4)

Compared with (4), Eq. (1) is standard definition
of local fractional continuity. Here (3) is unified
local fractional continuity.
Definition 2.4. Setting
fractional derivative of

f x   C a,b, local

f x  order 

at

x  x0 , is defined [7,36]
f   x0  

  f x   f x0 
d  f x 

lim
, (5)
dx x  x xx0
x  x0 
o

where 0    1,
  f x   f x0   1    f x   f x0 .

For any x  a,b, there exists

f   x   Dx f x ,
denoted by f x   Dx f a, b.


Local fractional derivative of high order is written
in the form

f x   C a, b, local

fractional integral of f x  of order  in the
b

1

f t dt 
a I b f x  

1    a


N 1
1


lim  f t j t j  , 0    1,


0
t
1   
j 0

(6)

where
t j  t j 1  t j , t  maxt1 , t2 , t3 , . . .and

t , t , j  0,1, . .. , N  1, t
j

j 1

is a partition of the interval

x  a,b,
f x   I x

 

there

a, b.

0

 a, t N  b,

a, b.

For any

exists a I x f x , denoted


by

If f x   Dx f a, b, or I x  a, b, we have

f x   C a, b.

Here, it follows that
a

I a f x   0, if a  b.

a

I b f x  b I a f x , if a  b.

a

I a0 f x   f x .

For any f x   C a, b, 0    1, we have
local fractional multiple integrals
k times



k 
 
 
f x   x0 I x . . . x0 I x f x ,
x0 I x

k 
x   C k  a, b, then
For 0    1, f
have



x0

Ix

k 



f x 

k 

 f x ,

we

73

Solving Wave and Diffusion Equations on Cantor Sets
k times



k 
 
 
f x   x0 I x . . . x0 I x f x , and
x0 I x

where

k times




f k  x   Dx . . . Dx f x .

x k
, 0   1.
E x   
k 0 1  k  


(7)



k

k 0

x 2 k
.
1  k 2  

k

d  x k  1  k  x k 1
.

dx 
1  k  1 

d  E x  
 E x  .

dx

d E k x
dx 

(9)

Lxx2  Lx2 ux    Lxx2  Rx ux   Lxx2  f x ,

(10)



(12)

b

1

E x  dx  E b    E a  .

1    a

(13)

b

1

sin x  dx   cos a    cos b  .

1    a

(14)

1
1  k  


x k  dx  
bk 1  bk 1 .

1    a
1  k  1 

(15)

b

4. ANALYSIS OF LOCAL FRACTIONAL
ADOMIAN’S DECOMPOSITION METHOD

Consider the general local fractional differential
equation in a local fractional differential operator
form

Lx2x ux   Rx ux   f x ,

(16)

(17)

If the inverse differential operator Lx2 
exists, according to the local fractional
decomposition method mentioned above, we have

u0 x   r x ,


 2   
un 1 x    Lx x Rx un x , n  0.

(18)

Finally, we can find a solution in the form


(11)

  kE k x .


 S x   S x0 
d  S x 
lim

dx  x  x x x0
x  x0 

(8)

Some useful formulas and results of local
fractional derivative were summarized [7, 37].



Rx  S x  

is local fractional  order differential operator
0    1, and S x  is
local
fractional
continuous. Applying the inverse operator
Lx2  to both sides of (16) yields

3. LOCAL FRACTIONAL DERIVATIVES
AND INTEGRALS



and

th

x 2 k 1
sin x     1
.
1  2k  1 
k 0




d   d  S  x 
dx   dx  

0

The following rules hold

cos x      1

th

Lx2  S x  

Definition 2.6 Mittag-Leffer function in fractal
space is defined by


In Eq. (15) Lx2  is local fractional 2 order
differential operator, which by the definition reads

ux    un x .

(19)

n 0

Hence, we can obtain that the following condition

f  x   f  x0     ,
where fractional dimension f x  is equal to  for
any x  a,b.

5. NUMERICAL APPLICATIONS
Example 5.1. Consider the diffusion equation
involving local fractional derivative

  u  x, t   2  u  x, t 

, 0    1,
 t
 x 2

(20)

subject to the initial conditions

u  x, 0 

x
.
1   

(21)

Making use of Eq. (18), the recurrence relation
reads as
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u0 x, t   ux, 0,
un1 x, t   L

(  )
t

L

u x, t , n  0.

( 2 )
xx
n

(22)

The component of the solution can be determine
from initial conditions as

x
u0  x , t  
,
1   

(23)

Applying the recursive relation (22) and, we get
the following results

u1 x, t   L(t  ) L(x2x ) u0 x, t ,

 0,

u2 x, t   L(t  ) L(x2x ) u1 x, t ,

u0  x , t  

x 2
,
1  2 

 x 2

u1 x, t   L(t   ) 
L(x2x ) u0 x, t 
 1  2 

2

x
t

,
1  2  1   

(28)

 x 2

u2 x, t   L(t   ) 
L(x2x ) u1 x, t 
 1  2 

2
2
x
t

,
1  2  1  2 

(29)

 x 2

u3 x, t   L(t   ) 
L(x2x ) u2  x, t 
 1  2 

2
3
x
t
,

1  2  1  3 
,

 0,

u3 x, t   L(t   ) L(x2x ) u2  x, t 
 0,

and so on.

and so on.

Thus the approximate solution of (20) in the form
(7) is given by

Thus, the final series solution is reads as

u  x, y  



x
.
1   

The result is the same as the one which is obtained
in [38].
Example 5.2 Consider the following diffusion
equation on cantor set

  u  x, t 
x 2   2  u  x, t 

 0, 0    1,
1  2   x 2
 t

(24)

(25)

According to local fractional Adomain’s
decomposition method, the recurrence relation
reads as

u0 x, t   ux, 0,
2


 x
un 1 x, t   L(t   ) 
L(x2x ) un x, t , n  0.

 1  2 

(30)


t
t 2 
1 


x 2  1    1  2   
u  x, t  
,
3
1  2  
t
 


 1  3 

The closed form solution is

u  x, t  

x 2
E x  .
1  2 

(31)

This result is the same as obtained by Yang [38].

subject to the initial conditions

x 2
u  x, 0 
,
1  2 

(27)

Example 5.3 Consider the following wave
equation on cantor set

 2  u  x, t 
x 2   2  u  x, t 

 0, 0    1,
1  2   x 2 
 t 2
with the fractal value conditions given by

x
u  x, 0 
.
1   
(26)

Applying the recursive relation (26) and the initial
conditions (25), we get the following results

(32)

(33)

According to local fractional Adomain’s
decomposition method, the recurrence relation
reads as

Solving Wave and Diffusion Equations on Cantor Sets

u0  x , t   u  x , 0  

t
  u  x, 0
,
1     x 

Applying the recursive relation (34) and the initial
conditions (33), we get the following results




 x
un 1 x, t   L(t t 2  ) 
L(x2x ) un x, t , n  0. (34)

 1   
Applying the recursive relation (34) and the initial
conditions (33), we get the following results


 x

u1 x, t   L(t t 2 ) 
L(x2x ) u0 x, t 
 1   

 0,

u2  x, t   L

(  2 )
tt


t 
,
u0 x, t   E x 1 
 1    


 x

L(x2x ) u1 x, t 

 1   


(35)

u  x, t  



 t 4
t 5 
,
 c 2 E x  





1
4
1
5









(45)

u3 x, t   L(t t 2 ) cL(x2x ) u2 x, t 
(37)

 t 6
t 7 
,
 c 3 E x  

 1  6   1  7   

(46)


and so on.
(38)

Finally, we obtained

ux, t   E x  cosh c x   sinh c x .

(47)

This is the same as obtained by Yang [38].


x
t

.
1    1   

(39)

This is the same as obtained by Yang [38].
Example 5.4 Finally, consider the following wave
equation on cantor set

 2  u  x, t 
 2  u  x, t 

 0, 0    1,
c
 t 2
 x 2

(40)

with the fractal value conditions given by

ux, 0  E x  ,

(41)

where c is a constant.
According to local fractional Adomain’s
decomposition method, the recurrence relation
reads as

u0  x , t   u  x , 0  

(44)

u 2 x, t   L(t t 2  ) cL(x2x ) u1 x, t 

(36)

and so on.
Finally, we obtained

 t 2
t 3 
,
 cE x 

 1  2  1  3  


 0,
 x

u3 x, t   L(t t 2 ) 
L(x2x ) u2 x, t 
 1   

 0,
,

(43)

u1 x, t   L(t t 2 ) cL(x2x ) u0 x, t 



x
t

,
1    1   

u0  x , t  
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t
  u  x, 0
,
1     x 

 x

un 1 x, t   L(t t 2  ) 
L(x2x ) un x, t , n  0.
 1   


6.

In this paper, the non-differentiable solution for
the heat and wave equations involving local
fractional derivative operators in mathematical
physics fractal value conditions are investigated by
using the proposed local fractional Adomain’s
decomposition method. The obtained results
demonstrate the reliability of the methodology and
its wider applicability to local fractional
differential equation arising in mathematical
physics, engineering and hence can be extended to
other problems of diversified nonlinear nature.
7.
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1. INTRODUCTION

nonlinear neutral
functional delay.

In the recent years, there has been a noticeable
interest in the study of neutral functional
differential equations of first order with delay due
to their importance of applications in applied
mathematics (see, for example Adıvar and Raffoul
[1], Ardjouni and Djoudi [2, 3], Burton [4, 5, 6],
Kaufmann [7], Kaufmann and
Raffoul [8],
Raffoul [9, 10, 11], Yankson [12] and the
references cited in these sources). To the best of
our knowledge from the literature, although there
are many works concerned with the existence of
periodic solutions for various neutral differential
equations of first order, no works have been done
to investigate the existence of periodic solutions of
nonlinear neutral differential equations of first
order with multiple variable delays. Therefore, it is
worth to work on the existence of periodic
solutions of neutral differential equations of first
order with multiple variable delays.

x(t ) 
a(t ) x(t )  c(t ) x(t  g (t )) 

We begin with summarizing a few relative
results done in the literature on the existence of
periodic solutions for neutral differential equations
of first order.
In 2003, Raffoul [9] considered the first order

differential

equation

with

q(t , x(t ), x(t  g (t ))).
Raffoul [9] benefited from Krasnoselskii’s
fixed point theorem and established sufficient
conditions, which guarantee that this nonlinear
neutral differential equation with functional delay
has a periodic solution.
Later, in 2010, Ardjouni and Djoudi [2]
concerned with the existence of periodic solutions
for a nonlinear dynamic equation on a time scale T
with functional delay  (t ) of the form
x (t ) 
a(t ) x3 ( (t ))  G(t , x3 (t ), x3 (t  r (t ))), t T .
Ardjouni and
Djoudi [2] constructed a
suitable Banach space and a bounded convex
subset, then convert the existence of periodic
solutions to a fixed point problem for a map, that
is ,the sum of a compact map and a large
contraction, and the authors used a modification
of Krasnoselskii’s fixed point theorem due to
Burton ([4], [6, Theorem 3]) to show the
existence of a periodic solution of this equation.

More recently, Yankson [12] used a variant of

————————————————
Received, January 2014; Accepted, February 2015
* Corresponding author: Cemil Tunç; E-mail: cemtunc@yahoo.com
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Krasnoselskii's fixed point theorem by Burton [6,
Theorem 3] to show the existence of periodic
solutions for the totally nonlinear neutral
differential equation of first order with functional
delay

Throughout this paper, we assume that

a(t )h( x((t )))  c(t ) x(t  g (t )) 
x(t ) 
q(t , x(t ), x(t  g (t ))).

 j (t  T )   j (t ),  j (t )   j  0,

Motivated by the above discussion, the aim of this
paper is to give some new sufficient conditions
which guarantee the existence of periodic
solutions for the following nonlinear neutral
differential equation of first order with two
variable delays

0

c j (t  T )  c j (t ),

T

2

x(t )  a(t ) x((t ))   b j (t ) f (t , x(t ), x(t   j (t )))
j 1

2

  c j (t ) x(t   j (t )) g ( x(t   j (t ))),
j 1

(1)

where a(t ), f and g  are continuous functions,
b j (t ) and c j (t ) are continuously differentiable
functions, and  j (t ) ( 0), are twice continuously


(C1) a(t  T )  a(t ), b j (t  T )  b j (t ),



differentiable functions for t   ,   [0, ).
We benefit from the fixed point theorem of
Krasnoselskii’s to prove the existence of periodic
solutions of equation (1). First, we transform
equation (1) into an integral equation written as a
sum of the two mappings; one of them is compact
and the other is contraction. Later, we use the
Krasnoselskii’s fixed point theorem to prove the
existence of periodic solutions of equation (1).
It is clear that equation (1) includes and
improves the equation discussed by Raffoul [9].
Further, when h( x(t ))  x(t ) in Yankson [12],
then equation (1) also includes and improves the
equation by Yankson [12].

 a( s)ds  0, ( j  1, 2),

(C 2) f (t , x, y) is continuous, periodic in t
and Lipschitz continuous in x and y, g (x) is
continuous and Lipschitz continuous in x. That is,
f (t  T , x, y)  f (t , x, y),
and for some positive constants k1 , k 2 , k 3 , we
have

g ( x)  g ( y)  k1 x  y ,
f (t , x, y)  f (t , z, w)  k 2 x  z  k3 y  w ,

(C 3)  j (t )  1 for all t  [0, T ].
Lemma 1. Assume that conditions (C1)  (C3)
hold. If x(t )  CT , then x(t ) is solution of
equation (1) if and only if
j 1 1   j (t )

 (1  e
t

) 1

t T j 1

t

2

   r j (u )g ( x(u   j (u )))]e
t T j 1

CT  { :   C (, ) and  (t  T )   (t )}

r j (u) 

t0,T 

t T

2

where

x  max x(t ) .

  a ( s ) ds

  [  b j (u ) f (u, x(u ), x(u   j (u )))

Let

for T  0. Here C denotes the set of all real
valued continuous functions. Then CT is a
Banach space when it is endowed with the
supremum norm

g ( x(t   j (t )))

t

t

2. EXISTENCE OF PERIODIC SOLUTIONS

c j (t )

2

x(t )  

  a ( s ) ds
u

du,

(cj (u )  a(u)c j (u)(1   j (u))  c j (u) j (u )
(1   j (u)) 2

Proof. Let x(t )  CT

(2)

(3)

.

be a solution of (1).
t

 a ( s ) ds

Multiplying both sides of equation (1) by e 0
and then integrating from t  T to t , it follows
that
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u


t T  x(u) exp(0 a(s)ds)  du 

  b (u) f (u, x(u), x(u  

t T j 1

t

j

j

(u )))e 0

du

t

 a ( s ) ds

2

du.

j 1 1   j (t )

(1  e

 a ( s ) ds
0

b
(
u
)
f
(
u
,
x
(
u
),
x
(
u
(
u
)))
e
du

 j
j
2

 a ( s ) ds

0

t T j 1

t

du.

t

exp(  a( s)ds) and using the estimate x(t ) 
0

t

x(t ) 
[1  exp(  a( s)ds)]1 
t T

t

2

  c j (u ) x(u   j (u )) g ( x(u   j (u )))]}e

  a ( s ) ds
u

j 1

du. (4)

Rewriting the last term and applying integration
by parts, it follows that

2

2

  a ( s ) ds
u

t T j 1

2



t T j 1

 x(u   j (u ))(1   j (u ))e
c j (u )

j 1 1   j (u )
2

t T j 1

du.

It is clear that, x(t ) is a solution of equation (1).
This completes the proof.

du

g ( x(u   j (u )))e

  a ( s ) ds
u

u

(K1) x, y  M implies Ax  By  M ,

du

(K 3) B is a contraction mapping.

t

|

2

(S )(t )  

du

c j (t )

j 1 1   j (t )

t T

t

  a ( s ) ds

B such that

where L is a positive constant, and the mapping
S : CT  CT by

t

   r j (u )g ( x(u   j (u )))e

u

j 1

To apply Theorem A, we define a bounded convex
subset of M of CT , M  {  CT :   L},

t

 a ( s ) ds
u

  r j (u ) g ( x(u   j (u )))]e

  a ( s ) ds

z Az  Bz.
Then there exists a z  M with 

c j (u )
g ( x(u   j (u )))
1   j (u )


t

2

(K 2) A is compact and continuous,

t

  c j (u )x (u   j (u )) g ( x(u   j (u )))e

t

) 1

Theorem A (Krasnoselskii). Let M be a closed
convex nonempty subset of a Banach space
( B, . ). Suppose that A and B map M into

[  { b j (u ) f (u, x(u ), x(u   j (u )))



t T

We now give Krasnoselskii’s fixed point
theorem to prove the existence of a periodic
solution for equation (1).

x(t  T ), we get

2

  a ( s ) ds

t T j 1

By dividing both sides of the last estimate by

t

g ( x(t   j (t ))) +

u

   c j (u ) x (u   j (u )) g ( x(u   j (u )))e

t

(5)

  [  b j (u ) f (u, x(u ), x(u   j (u )))

t T j 1

j 1

du,

t

2

t T

c j (t )

2

u

2

u

where r j (u ) is given by (3). Hence, substituting

x(t )  

t T

t

  a ( s ) ds

estimate (5) into (4), we obtain (2).
Conversely, let

 a ( s ) ds
 a ( s ) ds
 x t  T  e 0

x(t )e 0

t

t

2

t T j 1

Then, we have
t

g ( x(u   j (u )))

   r j (u ) g ( x(u   j (u )))e

u

t T j 1



1   j (u )
t T

   c j (u ) x (u   j (u )) g ( x(u   j (u )))e 0

t

j 1

t

 a ( s ) ds

2

c j (u )

(1  exp(  a( s)ds))

u

t

2

=

t

t

(1  e

  a ( s ) ds
t T

) 1

g ( (t   j (t ))) +
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t

 k 2 x  k3 y  f (t ,0,0) .

2

  [  b j (u ) f (u,  (u ),  (u   j (u )))
t T j 1

For the constants  ,  with     1, we
suppose the following assumptions:

t

2

  r j (u ) g ( (u   j (u )))]e

  a ( s ) ds
u

j 1

du.

(6)

To apply Krasnoselskii’s theorem we need to
construct two mappings, one is a contraction and
the other is compact. Therefore, we state (6) as

(S )(t )  ( B )(t )  ( A )(t ),
where A, B : CT  CT are given by
( A )(t )  ( 1  e
t



a ( s ) ds

t T

( A )(t )  (1  e

t T j 1

t

  r j (u ) g ( (u   j (u )))]e

  a ( s ) ds
u

j 1

2.

g ( (t   j (t ))).

then

compact.

Proof. A change of variable in (7) shows that
( A )(t  T )  ( A )(t ). To show that A is
continuous, we assume  ,  M with   C
and   C. Let

t 0.T

t T

2

u

du

t

 (1  e
t

2

t T

j 1

  a ( s ) ds
t T

  [ b j (u )

) 1

f (u,  (u ),  (u   j (u )))
t

2

  rj (u ) g ( (u   j (u ))) ]e



 a ( s ) ds
u

du

j 1

t

  a ( s ) ds

t

2

t T

j 1

t T

) 1

t

  max  b j (t ) , 1  g (0) ,

2

  rj (u ) (k1 L  g (0) )]e

t[ 0,T ] j 1



 a ( s ) ds
u

du

j 1

t

ut T ,t 



 a ( s ) ds

  [ b j (u ) ((k2  k3 ) L  f (u, 0, 0)

1

  max (1  exp(   a( s)ds) ,
 

u

t

 (1  e
t

  max e

j 1

(8)

A : M  CT , as defined by (7), is continuous and

  a ( s ) ds

t T

) 1

  [ b j (u) f (u,  (u),  (u   j (u)))
2

(C1)  (C3) hold,

If

(7)

2

t T

j 1

j 1 1   j (t )

Lemma

du

t

  a ( s ) ds

 rj (u ) g ( (u   j (u )))]e

c j (t )

2

( B )(t )  

(10)

j 1

t

) 1

  [  b j (u ) f (u,  (u ),  (u   j (u )))

and

 r j (t ) [k1 L  g (0) ]  La(t ).

In view of the above estimates, we have

2

2

j 1

2

For any   CT , we will show that ( A )(t )  L.

t



2

 b j (t ) [(k 2  k 3 ) L  q(t ,0,0,0) ]  La(t ),

2

,   max  r j (t ) ,

 2  max f (t ,0,0) ,
t[ 0,T ]

t[ 0,T ] j 1

(9)

g ( x)  k1 x  g (0)
and

f (t , x, y)  f (t , x, y)  f (t ,0,0)  f (t ,0,0)

t

 (1  e

  a ( s ) ds
t T

t

1

)  (   ) L  a(u )e
t T

t

  a ( s ) ds
u

du

 (   ) L  L.
Hence, we have

A  M .

We will now show that A is continuous in
the supremum norm.
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  0, take

Given


K



such that


K T [ (k2  k3 )   k1 ]. In view of (C 2)
and the last estimate, then, for  ,  M , it
follows that

2

( An )(t )   b j (t ) f (t , n (t ), n (t   j (t ))) 
j 1

2

 r (t )
j

j 1

g (n (t   j (t )))
t

t

( A )(t )  ( A )(t )  (1  e

  a ( s ) ds
t T

 a(t )(1  e

) 1

t

t

2

t T

j 1

  { b j (u) f (u,  (u),  (u   j (u)))  f (u, (u), (u   j (u)))
2

  a ( s ) ds
u

j 1

t

2

du

2

   [  b j (u ) (k 2  k 3 )     r j (u ) k1    ]du
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Then B is a contraction.
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Thus, the sequence ( A n ) is uniformly bounded
and equi-continuous. The Arzela-Ascoli theorem
implies that there exists a subsequence ( A nk ) of
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Lemma 3. Let B defined by (8) and

This result proves A is continuous.
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periodic function   . Thus, A is compact.
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  a ( s ) ds

Theorem 2. If
inequality

du.

Hence, for some positive constant D, we obtain

 T (2  1 )  ( 1   2 ) 1  L
hold, then equation (1) has a T -periodic solution.
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Proof. From Lemma 1, we know that A is
compact and continuous. Also, from Lemma 2, we
know that B is a contraction mapping. Now, for
 ,  M , we will show that

results extend and improve some recent results in
the literature.

A  B  M . From (7) and (8) we have

1.
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Citations of the PAS Fellows Elected in 2014
The following eminent scientists were elected
Fellows of the Pakistan Academy of Sciences
during 2014:
Prof. Dr. Haq Nawaz Bhatti
Dr. Haq Nawaz Bhatti, Professor of Chemistry,
was born on 20th September, 1965 in Village Chah
Pakka, P.O. Kot Hussain Khan, Tehsil & District
Nankana Sahib, Pakistan. He has 1st class academic
career throughout, and got merit scholarships from
Matric to PhD. He obtained his MSc in 1987 with
distinction from University of the Punjab, Lahore
and was awarded 3 Gold Medals. He did his PhD
in 2004 from University of Agriculture, Faisalabad,
and Postdoctoral training in 2007 from University
of Winnipeg, Canada.
Dr. Bhatti is involved in teaching and research
at University of Agriculture, Faisalabad since
1989 and has supervised 200 MSc/M.Phil/PhD
students. He has more than 200 publications
with impact factor and 33 non-impact factor
publications to his credit.Total impact factor of his
publications is about 250. His research work has
been cited for about 2000 times in the literature.
He has attended more than 50 international/national
conferences, symposia and presented his research
work. He has also completed five projects and is
running two research projects funded by HEC. He
has written 11 Books/Manuals for graduate and
postgraduate students. He is working on Material
& Environmental Chemistry related projects.
His current research interests include leaching
and recovery of precious metals from low grade
ores, bioremediation of environmental pollutants,
such as heavy metals, dyes, textile effluents and
organic pollutants, using agricultural wastes and
nanocomposites.
Professor Bhatti has also been actively involved
in co-curricular and extra-curricular activities of
students at the university level, in the capacity of
Advisor Chemical Society, Hall Superintendent
and Associate Hall Warden.

Dr. Bhatti is Fellow of Chemical Society of
Pakistan, Member of American Chemical Society,
and Member of Biochemical Society, UK. He was
awarded Better Incentives for the years 2006, 2007
and 2008 by University of Agriculture, Faisalabad,
and Research Productivity Award by Pakistan
Council for Science and Technology for the years
2009, 2010, 2011 and 2012. Also, he has received
President’s Medal for Technology 2009; HEC Best
Teacher Award 2010; PAS Gold Medal in Chemistry
2011; and Top Cited Paper Award from University
of Agriculture during 2012 and 2013.
Currently Dr. Bhatti is Chairperson of
Department of Chemistry at University of
Agriculture, Faisalabad.
Professor Dr. M. Rasul Jan
Dr. M. Rasul Jan did his MSc and M.Phil in
Chemistry from Department of Chemistry,
University of Peshawar in 1976 and 1979,
respectively. In 1980 he was awarded teaching
fellowship to conduct his doctoral research in
Analytical Chemistry at University College, Cork,
Ireland and got his PhD in 1982. Soon after his
PhD, Dr. Rasul Jan was awarded the E.E.C. (Now
European Union) Post-Doctoral Fellowship for
conducting research in designing recycling methods
for toxic chemical Chromium used in the tanning
industry, and worked there till August 1985.
In September 1985, he joined University of
Peshawar as Assistant Professor in Chemistry
Department. Dr. Rasul Jan proved himself to be a
good teacher/ researcher. He established one of the
most well equipped labs in Chemistry Department,
with his personal efforts and research grants
received from outside sources and inculcated the
culture of research work at the University.
Dr. Rasul Jan has organized several
conferences at national level in the area of
Analytical and Environmental Chemistry and has
supervised over 120 MSc, 18 M.Phil and 19 PhD
postgraduate students. He has published more
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than 155 publications in International Journals.
Dr. Rasul Jan has presented papers in conferences
at national and international level. Dr. Rasul Jan
received senior US Fulbright Award in 2003 for
conducting research in USA and was invited there
as a Visiting Scientist in 2005. Dr Rasul Jan’s
publications have a high impact factor; currently,
he the most cited scientist in the field of Chemistry
in Khyber Pakhtunkhawa. He is a regular recipient
of Research Productivity Award from Pakistan
Council of Science and Technology. He has served
as Vice Chancellor University of Malakand from
April 2008 to October 2012 and since 24th January
2013 is serving the University of Peshawar as its
Vice Chancellor. In recognition of his meritorious
services in the field of Chemistry, he was conferred
the award of Pride of Performance by President of
Pakistan in 2010. In January 2014 he was awarded
the status of Professor Emeritus in University of
Peshawar.

of Prof. Sir David Baulcombe under a Royal
Society Fellowship. He has recently completed his
Fulbright Fellowship with Prof. Andrew Paterson
at University of Georgia, Athens, USA. He has
published around 126 papers with a total impact
factor of over 400 and 2190 citations in leading
international journals. He has filed seven patents
and has supervised 20 MPhil and 20 PhD students.
In recognition of his services, the President of
Pakistan awarded him Sitara-e-Imtiaz in 2009. He
also received “Outstanding Performance Award”
from Higher Education Commission in 2009
and shared “Outstanding Performance Award” in
2011. Dr. Mansoor has been receiving “Research
Productivity Award” every year from Pakistan
Council for Science and Technology (PCST),
Ministry of Science and Technology (MoST). The
Higher Education Commission (HEC) has awarded
him the prestigious title of “HEC Distinguished
National Professor”.

Dr. Shahid Mansoor

Prof. Dr. Khan Bahadar Marwat

Dr. Shahid Mansoor, Deputy Chief Scientist is the
Director of National Institute for Biotechnology
and Genetic Engineering (NIBGE), Faisalabad.
Dr. Mansoor is a leading scientist of the country
and has contributed in the areas of Molecular
Virology, RNA interference, genomics and genetic
engineering of crops. Dr. Mansoor pioneered
research on cotton leaf curl virus, and discovered
DNA satellites associated with cotton leaf curl
and other begomovirus diseases. His research
group also worked on the molecular diversity of
whiteflies and genomics of cotton. Dr. Mansoor
pioneered research on the use of RNA interference
for understanding of gene function, resistance
against multiple RNA and DNA viruses and other
novel traits in crop plants. He is also working
on introgression of multiple genes in cotton and
other crop plants by using constitutive and tissuespecific promoters. He has worked on collaborative
projects with leading scientists in Europe, USA and
Australia.

Prof. Dr. Khan Bahadar Marwat, Vice Chancellor,
SBB University, Sheringal, Dir Upper, is a Weed
Scientist and Botanist of international fame, having
2 PhDs (from Pakistan and US). He was elected as
President of Asia-Pacific Weed Science Society in
2007. He served as President of Pakistan Botanical
Society during 2013-14 and as Vice Chancellor
of University of Agriculture, Peshawar during
2010-2013. He introduced Weed Science as an
independent discipline for the first time in the
country. Currently, he is establishing four campuses
for SBB University, two each in Chitral district
(at Chitral and Booni) and Upper Dir (at Wari
and Sheringal). He has established Rs. 10 Million
Endowment Fund for females of Chitral with a
donation from a philanthropist in Karachi.

Dr. Mansoor has an illustrious academic
career with positions in BSc (Hons) and MSc.
Dr. Mansoor completed his PhD from John Innes
Centre, Norwich, UK, and later joined the group

Professor Marwat has supervised 30 M.Phil,
3 MS and 11 PhD students. He has 219 citable
publications, with 80 publications in impact factor/
Foreign Journals. He has run 6 Research Projects
and now is working as Advisor with Pak-Australian
Linkage Project on Parthenium. He has served as
examiner for PhD theses from Malaysia, India,
Bangladesh and US. He is Principal Signatory
for the Sino-Pakistan MoU on Biodiversity. He
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has the distinction of initiating MoUs with QU
& Charles Sturt University of Australia, Tsukuba
University and Cheba University of Japan, Ohio
State University of US and Hasho Foundation. He
has signed several MOUs with Turkish Universities
and the Maulana Protocol for exchange of students
and faculty with Turkish Universities. Dr Marwat
is Chief Editor of Pakistan Journal of Weed Science
Research and subject Editor of Pakistan Journal of
Botany.
Currently, Prof. Marwat is President of
Pakistan Ethno-botanical Society, Vice President
of Pakistan Botanical Society, and President of
Weed Science Society of Pakistan. He has served
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as Convener of HEC PhD Review Committee for
Khyber Pakhtunkhwa and Baluchistan, and on the
Board of Trustees of Pakistan Science Foundation
as nominee of President of Pakistan. As nominee
of Prime Minister of Pakistan, he is on Executive
Committee of National Commission of Science and
Technology (ECNCST).
Dr. Marwat was awarded Sitara-i-Imtiaz by
Government of Pakistan in 2012, Outstanding Weed
Scientist Award, HEC’s Best University Teacher
Award, President’s Medal for Technology, Quaidi-Azam Gold Medal, and Research Productivity
Award (PCST).
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Citation of the PAS Foreign Fellow Elected in 2014
The following eminent scientist was elected Foreign
Fellow of the Pakistan Academy of Sciences during
2014:
Professor Michael Paul Searle
Professor Mike Searle is a leading researcher on the
tectonic evolution of mountain belts, in particular
the Himalaya, Karakoram and Tibet. He obtained
his BSc from University of Wales, Aberystwyth in
1975, and PhD from Open University, UK in 1980.
Dr Searle has worked as Post-Doctoral Fellow at
Memorial University of Wales, Newfoundland,
Canada, 1080-1984, and University of Leicester
during 1984-1989; Senior Research Fellow at
University of Oxford, 1989-2006; Lecturer at
University of Oxford, 2006-2008. Since 2008, he is
Professor of Earth Sciences at University of Oxford.
His research areas are Structural and Tectonic
Evolution of Mountain Belts, in particular the
Himalaya, Karakoram, Tibet and Oman Mountains.
Professor Searle has spent more than 10 years
working on the geology of the high Karakoram and
Hindu Kush ranges of north Pakistan, in particular
working on the structure, metamorphism and
magmatism of the Chitral, Hunza, Baltoro and Hushe
regions of Pakistan. He is the author of more than
170 peer-reviewed papers, and two books “Geology
and Tectonics of the Karakoram Mountains” (Wiley,
1990) and “Colliding Continents: A Geological
Exploration of the Himalaya, Karakoram and
Tibet” (Oxford University Press, 2013). He has
co-edited four books, Special Publications of the
Geological Society, London: volume 49, Geology
and Tectonics of the Oman Region (1990); volume
74, Himalayan Tectonics (1993); volume 170,

Tectonics of the Nanga Parbat Syntaxis and Western
Himalaya (2000); and volume 268, Channel Flow,
Ductile Extrusion and Exhumation in Continental
Collision zones (2006). He has published numerous
geological maps including those of the Hindu
Kush ranges, NW Frontier region, Geological Map
of North Pakistan (1996), Geological Map of the
Mount Everest-Makalu region, Nepal and South
Tibet (2003, 2007). Working with colleagues from
Peshawar University, Prof. Mike Searle has studied
the geological structure of the Kohistan island
arc, Hindu Kush, Nanga Parbat and Karakoram
ranges in Pakistan. This work has involved
working alongside mountaineering expeditions
to peaks such as K2, Masherbrum, Biale, Trango
Towers, amongst others. He combines studies
of structural geology, mineralogy, metamorphic
and igneous petrology, thermobarometry and
geochronology in order to unravel the tectonic
evolution of mountain belts through time. In the
last 20 years he has concentrated particularly on
processes of ophioliteobduction, subduction, largescale faulting, including strike-slip faults (e.g.,
Karakoram Fault), thrust faults (e.g., Main Central
Thrust) and normal faults (e.g., South Tibetan
Detachment), Himalayan crustal melting (channel
flow) and exhumation processes. In addition to
central Asian geology, Prof. Searle is also working
on ophiolites and oceanic crust processes in Oman
and the Andaman Islands, on the Dead Sea fault
zone in Syria, Palestine and Jordan, on tin-tungsten
granites in Malaysia-Thailand, on deep crustal gem
mineralisation in Burma (Mogok belt) and on the
Red River fault zone in Yunnan-Vietnam.
Professor Searle has received Murchison
Medal from Geological Society London, 2008.
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