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Abstract: Inthispresent investigation, the authors obtain Fekete-Szego inequality for certain normal-
ized analytic functions f(z) defined on the open unit disk. Asaspecial case of thisresult, Fekete-Szego
inequality for aclass of functions defined through fractional derivativesis obtained. The motivation of
this paper isto give ageneralization of the Fekete-Szego inequalities obtained by Srivastavaand Mishra

and Maand Minda.
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I ntroduction

Let A denote the class of function f (2) of
the form

f(z)= Z+i az"

n=2

(1)

which are analytic in the open unit disc
A:{z:|z|<1}.

Let Sbethe subclass of A consisting of uni-
valent functions. Let ¢ (2) be an analytic func-
tion with positive real part on A with ¢ (0)=1,
¢'(0)>0 which maps the open unit disc onto a
region starlike with respect to 1 and is symmet-
ric with respect to thereal axis. Let S*(¢) bethe
class of functions in f € A for which

' (z)
f'(z)

<¢(z),(zeA) and C(¢) be the class

£ (z

f'(z)
These classeswereintroduced and studied by Ma
and Minda[1]. They have obtained the Fekete-
Szego inequality for the functions in the class

)<¢(z),( zed).

of functionsf e A for which 1+
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C(¢). Sincefe C(¢)if andonly if Zf ' € S*(¢), we
get the Fekete-Szego inequality for functionsin
the class St (¢). Fekete-Szego problem for dif-
ferent subclasses is studied by Ravichandran et
al. [2, 3, 4] Shanmugam and Sivasubramanian[5],
and also by Shanmugam et al. [6, 7]. For a brief
history of Fekete-Szego problem for the class of
starlike, convex and close-to-convex functions,
see the recent paper by Srivastavaand Owa [8]
(see also the references cited by them).

For f(2)=z +§:anz" andg(z)=z +i g, 72" A,
n=2 n=2

the Hadamard. Product (or convolution product)
isgivenby (f *2)(z) =z +iﬂn £,2" . For various
choices of g(z) we get different operators con-
sidered earlier by Dziok and Srivastava [9],
Carlson and Shaffer [10], Ruscheweyh [11],
Salagean [12], Cho and Kim [13] and Cho and
Srivastava [14]. Motivated essentially by the
above works, we obtain the Fekete-Szego
(*2)(2)
(f*h)(z)
h arefixed functions such that g >0, h > 0 with

inequalityfor the estimate whereg and

g,—h,>0where h(2)=z +ihn z"€A. For special
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choicesof g and hweget all the operatorswhich
we have mentioned earlier. Also, for various
choicesof g(2) and h(z) we get various subclasses
of A.

1. Forg(Z)—( ) andh(Z)—(l_ .
we get ([F9)(2) _ (2
(f*h)(z)  f(2)
ZZ
2. Forg()—ﬁ (Z)—m,
we gL TDE) | 7).
(f*h)(z) f(Z)

In the present paper, we obtain the Fekete-
Szego inequality for functionsin amore general
class ng +(9) of functions, which we define bel ow.
The motivation of this paper is to give a
generalization of the Fekete-Szego inequalities
of Srivastava and Mishra[15].

Definition 1.1.

Let ¢ (2 beaunivalent starlikefunction with
respect to 1 which maps the open unit disk A
onto aregion in theright half plane and is sym-
metric with respect to the real axis, ¢ (0)=1, ¢
(0)>0. A functionf e Aisintheclass Mg’h(gb) if
(f*g)(z)

R h(z) <d(z), g,>0 h,>0,g,—-h, >0

To prove our main result, we need the follow-
ing:
Lemmal.2

2 . .
If p1(z)=1+cjz+crz” +...isan analytic

function with positive real part, then
—4v+2 ifv<0

‘cz—vclz‘s 2 if 0<v<lI-
-2 if v>1
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Whenv<0or v>1,equality holdsif and only

+Zz
if Pl(Z)lS( ) or one of its rotations. If O<v

(1-z)
<1, thenequality holdsif and only if

(I+z) (1 A\(I-z)
Pi()= (2 2}(1 z)+[§_3j(1+z) (0<hs<l)

or one of itsrotations.

If v =1, then equality holdsif p,(z) is a recipro-
cal of one of the functions such that the equality
holdsin the case of v= 0.

Although the upper bounds are sharp, it can be
improved as follows.

lea-v er 2 +vler| 2 <2 (0<v<1/2)

and
lco-ver )+ (1-v)|er| 2 <2 (1/2<v<1).

Fekete-Szego Problem

Theorem 2.1

Let ¢(z)=1+B;z+Byz° +... If 1(2) is
given by (1.1) belongsto the class ng (9), then

2yp 2
B B2 hh-h")B
2h_ 1B 2+(gzz 2B o
871 (g)=hy)" (g3-h3)(gr-hy)
2 By .
a3 -pa; ’S if 6;<u<o,
‘ Ag3-hs)
2in 2
-B B2 hy-hy" )B
2;,+ W B 2_(g22 2B -~ pzes
871 (gy-hy)" (g3-h3)(gr-hy)
where

5 (g2-hy)’(By =By )+hy(gr~hy)B;?
1~ P ’
(83 —h3)B;
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_(g ~hy )2 (By+By)+hy(gs—hy )B;?

G 3
(g3—h3)B
ando<u<l.

Pr oof:

For feMg,(4),let
(f*e)z)
P = =)

(2.1)
= 1+blz+b222 +...

From (2.1), we obtain

2 2
a)gy—ayhy=byand (g3 -h3Jaz =by+ay*(grhy—hy").

Since ¢ (2) isunivalent and p < ¢, the function

1+¢(p(z))
-0~ (p(z))

pi(z)= =]+clz+c222+...

isanalytic and has positive real part in the open
unit disk. Also, we have

(2.2)

p(z)=d (” (2] ]

pi(z)+1

and from the equation (2.2), we obtain

1 1 I 2| 1 2
b; =—Bjc; and b» =—B;|c)——c +—B>yc7.
1 2 1¢] 2 2 I|:2 P 1 :l 4 2¢]

Hence,

2 By 2
az—pa” =———(cr—ve;” )
2(g3—h3)

where

2
1 ,_By M —g2h2+u(g3—h3)31}

v=—|1 :
2 By (g2—hy)
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Our result now follows as an application of
Lemma 1.2. We define the functions K
(n=2,34...) by

In %
B8 gyont) ko ©)=0 =K% ] 0)-1
(kP *h)z)

and the function 7*and G* (0<1 <1) by

(F* *g)(z) _ q{z(zm

A== FEM 7
(F" *h)(z) 1+2z j’F O)=0=1F10)-1

and

Aok
el g)(z)=¢[_z(z+wj, 6" (0)=0=[G"J'(0)-1
(G *h)(Z) 1+A\z

provided they exist

Clearly the functions K(n=2,3,4...),
F and G* (0<1<1), €EMgn(4). Also, we
write K% = K%,

If u<o,or u<o,then equality holds if
and only if fisK? or one of its rotations. When
o<u< o,, equality holdsif and only if fisK?, or
oneof itsrotations. If u <o, then equality holds
if andonly if f isF* or oneof itsrotations. If u <
o, then then equality holdsif and only if fisG*
or one of its rotations.

If o,<u <o, Theorem 2.1 can be im-
proved. Let o, be given by

(g, —h)B, —h,(g, _hz)Blz
(g; _h3)Bl2

G,:=
If 0,<u <o, then

1

(g, 'hz)2(31 -B))+lg;~hy)-h,(g,- 1B
(8,-h)g, '173)312 Ng;-h)

+

‘as -,
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If 6,<u<o, then

az —M022‘+

(82-hy) (B;+By)+u(g3—h3)~hy(gy—hy)B;?
(8- )(g3-h3 )B}’
2|5L
2(g3—h3)

lap

z

Forg(z)= and h(z)= in Theo-

]—Z)2 (1-z)

rem 2.1, we get the following result for the class
S* (9).

Corollary 2.2

Let ¢(z):l—l—B]z—|—Bzzz—|—.... If f(2) is
given by (1.1) belongsto the class S* (¢), then

B ]2
2 B2+ fu<o;
2
B
‘a3—ua22’S 71 if 6;<u<o,
—=+uB;2-———— ifp20,
where
B,—B;+B;?
2—bpt+by
o= 3 9
2B,
Bz+BI+BIZ
G) = >
2B,
and0<u<l
The result is sharp.
2
zZ+z z
For &(z)= and "(7)= in
—z) (1-2)°
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Theorem 2.1, we get the following result for the
class C(¢) obtained by Maand Minda[1].

Corollary 2.3

Letg(z)=1+B;z+Byz° +...1ff(2)is
given by (1.1) belongsto the class C(¢), then

2
1 32 B] .
—|—=-u B;2 +— ifu<o
6[2 U By 2] if u <o
B
‘as—ﬂazzlf ?] if oj<p<o;
2
1 —BQ B] .
—| —=+u B;2 —— ifuo
6[ S B 7 ifpu 20,

where

2By -B;+B;?)

B 3B, ’
_2(By+B;+B;?)

B 3B,°

Oy

G2

and O< u<1. Theresult is sharp.

Applicationstofunctionsdefined by fractional
Derivative

We start with the following:
Definition 3.1
([see [16] and [17]; also see [8,18])
Let f(2) be analytic in a ssmply connected

region of the z-plane containing the origin. The
fractional derivative of order § is defined, for a

function f(z), by

. 0)
r(1-6)dz 3 (z-1)

D f(z)= dt (0<6<1),
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wheref (z) isconstrained, and the multiplicity of
(z—t)®isremoved by requiringthatlog (z-) is
real for z-C>0.

Using theabove Definition 3.1 and itsknown
extensions involving fractional derivatives and
fractional integrals, Owaand Srivastava[16] the
operator Q3: A — A defined by

(Q0 £)(z):T(2-8)z2° D2 f(z) (5 =234..).

If

o(z)mzy T LOHDII(2-8)

n=2  T(n+1-§) and

I'(n+1)I'(2-6
(n+ DI'( )Zn’TheoremZ.l

h(z)=z+ s
n=2 TI'(n+1-93)

reduces to the following result in terms of the
fractional derivative.

Corollary 3.2

Let ¢(z)=1+Bjz+Byz° +... 1T T (2) is
givenby (1.1) belongstotheclassM ¢ 5, (¢ ), then

513 B} B’
(25)‘(35)3—2—;13(25)31“1— fu<o,
6 |2 "3 1
a3—ya22§ %% if 6)<u<a)
‘ Y
(2-0)3-8)\-B, 32-6) BT |
(S B N iy Jy B >
; {2“2(3-)1 y| e
where

- 2(3-5)2(B,-B;+B;?)
3(2-6) 3B,°

5, - 238) ABy+ By +B;?)
32-6) 387

9
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and 0< u < 1. Theresult is sharp.
Remark 3.3

For the choices B, =i2 and B; =—,
T 3n
Corollary 3.2 reduces to a result obtained by
Srivastavaand Mishra[15, Theorem 8, p.64] for
which (2 °f )(2) is a parabolic starlike function
(see[19] and [20]).

Remark 3.4

16
By =—> and
3n
d =1, Corollary 3.2 reduces to aresult obtained

by Maand Minda[21].

For the choices B;= —>
T
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