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Abstract: We have calculated the Landau-Lifshitz pseudotensor for various spherically symmetric
systems as preparation for alater study for the case of rotation, which may be of interest in
astrophysics. The systems we considered are the static spherical star, the Schwarzschild geometry,
the collapsing spherical dust ball of uniform density and the general pulsating or collapsing star.
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I ntroduction

The point to point distribution of energy-
momentuminthegravitationa fieldisnon-unique
[1,2] in the theory of general relativity. Thisis
inescapabl e becauseit isawayspossibleto change
coordinatesto maketheframelocally Lorentz at
any chosen event. Gravitation must, however, make
acontribution to the energy of asystemsince, for
example, the mass of astar islessthan the sum of
therest massesof itsindividua particles. Inproving
conservation laws of momentum and angular
momentum for isolated systems, one can construct
entities, which describe the energy-momentum
content of thegravitational field. Theseentitiesare
called energy-momentum pseudotensors[3-10].
Thedistribution of energy-momentum depends|[1]
on the choice of pseudotensor and on the choi ce of
coordinates. Besides, the total momentum and
angular momentum or thetotal energy radiated into
theasymptoticaly flat space surrounding anisolated
source al so depends on the choi ce of pseudotensor
or coordinatesused inthecalculation [ 11].
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Einstein [12] was the first to introduce a
pseudotensor, whichisnot symmetric and does not
giveavolumeintegrd for thetota angular momentum.
Inthiswork we have chosen the Landau-Lifshitz
pseudotensor [2,13,14], which is symmetric and
leadsto volumeintegralsfor momentumand angular
momentum. Pseudotensorshave been used [15,17]
ingtudiesof gravitationa self-energy.

L andau-L ifshitz ener gy-momentum
pseudotensor

TheLandau-Lifshitz (LL) pseudotensor t/,’
isdefined by writing the Einstein equationsinthe
form[2,13,14]:
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The conserved momentum and angular
momentum of anisolated system aregiven by:

The conserved momentum and angular momentum
of anisolated system aregiven by:

P = J T (@
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with the conservation law T/ " 4., =0 In the

expressions above, x# are asymptotically
Minkowskian coordinates.

Somegeometrieswith spherical symmetry

a) Themetricfor agphericaly symmetric
darisgivenby:

-1
ds® = -e**dt® + EL—ZT(r)@ dr? +r2dQ2. (5)

We change coordinates t,r,0,¢ to t,x* x?, x°

where r2 = (x1)2 + (x2)2 + (x3)2
asymptoticaly Minkowskian coordinatesthemetric
takestheform:

ds® = -e**dt? + g, dx' dx’ (6)
suchthat

. In the new

2m(r)[] _
r@ 1 (7)

A short calculationyieldsthefollowing result
for theeffectiveenergy density:
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b) We consider next the Schwarzschild
geometry with metric:

3 .
2

in Kruskal-Szekeres coordinates[2,18,19]; r(u,v)
isthe Schwarszchild radial coordinate.

A
gi,~=r7Xin+5ij A=§1—

ds? = —dv?)+r2dQ? (9)

Thecoordinatetransformation:
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u=2M Ln[(u +a) —v2] , V=4M tanh (10)

which coverstheregion (u +&)CM
wherea> 0, putsthemetricintheform

o= ZSA e # [uraP ~v?](@uz -ave)erzanr (11)

The additional coordinate transformation from
v,u,0,¢ to asymptotically Minkowskian

coordinates v, x*, x? , x®
where (ﬁ)2 = (xl )2 + (xz)2 + (x3 )2 ,gives

_2M xx de dx’ (12)
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with A= lrjz and B =-g,, — A.Thefollowing

expressionisobtained for theL L energy density:
)o-(A?).).s] @3

The space-likehypersurface y = constant includes
thesngularity atr = Owhen v islarger thanapodtive
number whichdependsona. Theintegra of — gt°
over any of thesehypersurfacesgivesM, asit should.

1 -
-gtl = p— [Z(UAB

c) Wenow repest thecdculationfor thecase
of the Schwarszchild metric in comoving
coordinates.

Thisisappropriate to connect to an interior
Friedman solution for the case of acollapsing ball
of dust. In Novikov coordinates[20], themetricis
writtenas:

®
ds? = —dr? + R 1%%@@2” d0? (14

and in terms of the new radial variable
R=2M(R” +1):
ds? =-dr? + f(r,R)dR? +r?(r,R)d Q* (15)

Thenew coordinatest, x*, x?, x°, where
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R? = (xl)z + (x2)2 + (XS)Zareasymptoticdly
Minkowskian and thus (15) adoptstheform:
B o
ds® =-dr® + @Aéij e %X, de' d<’  (16)
2

being A=|;2 and B = f — A.ThentheLL energy

dengity, isgivenby ardationsmilar to (13):

L frae).o (/). ). ) am

-gtYy =

d) Thecollagpsinguniformdensity ball of dust
hasaninterior Friedman solution:

ds? = —dr? +a?(r )|dx? + Sn*’xdQ?|, (18)
with a(r) = ;am (1-Cosn ) and

1 .
T= 2 am(n +8nn ) Thisgeometry connectsat

the surface x, of the ball with the exterior
Schwarzschild solution (15) using the radial
coordinate R =a,,Sn x , then (18) implies:

2 2p2
ds* =drt +p T EdR2+aa|§ dQ’ (19

We further change the coordinates 7,R,6,¢ to

r,x',x* x%, where R? = (xl)2 + (xz)2 + (x3)2,
then the new coordinates connect to the exterior
asymptotically Minkowskian coordinateswhich
were used in (16). Thusthe LL effective energy

density — g(T® +t% ) isgivenby (17) with:
a2
Ca

a
A , B=o 5. (20)

2
m

Theinterior contributiontothetotal energy
M onart= constant hypersurfaceis

MR, .
16(R, —2M) (1+Cosn )*, (21)
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whereR  istheradial (comoving) coordinateof the
surface of theball. Thiscontribution decreasesand
becomes zero when the dust hitsthe singularity at

m
a(r)=0for7 = - @n. Theexterior contributionto

the total energy is M minus the value above for

T
T EE a,, and M for later times.

Findly, the LL effective energy density of any
metric of theform (15) isgiven by expression (17)
2

r
Setting A=§ and B=f - A.
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